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Laplace’s Equation  
in 3-D

Basis Function Approach 
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Put collocation points at
panel centroids

icx Collocation
point
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Normalized 1-D 
Problem

Simple Quadrature Scheme 
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Normalized 1-D 
Problem

General  Quadrature Scheme 
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Normalized 1-D 
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General  Quadrature Scheme 

Computing the points and 
weights

1

1 2 2

1

1 2

0

1
1 1 1

0n

ll l l
n n

w

x x x ww
F

x

x dxx x x w

# $
# $ # $ % &
% & % & % &) * % & % & % &= − =+ , % & % & % &- .
% & % & % &
% & % &' ( ' ( % &

' (
"

%
&

%
&

& & ' & &

%

¬®"¯±°³² UcL;�>uGODFE¢¼ @�bc;	GIP�DWgz9A@.HJEz9\GO;�NIHJGO9<Y);:GI;�=QP�E59<tKe�;�`rD)N�Ð5E5gW9<E�ZCHLY6H)_\e�;��C@Be(=QPzGOP(H6G��Z���.���-�v.¿uP�;Lbc;�GOP�DWgk9A@:p5HF@B;0g´D)Ek_<9\E�;0HJNI9\·�9\E5Z�GOP�;LM5NODFp�_\;�b H)p(DFeWG^HCZFe�;�@I@:H6G��+À�HJE(g´GOP�;�E
e�M4g�H6GI9\E5ZfGOP�;oY6HJ_<e�;UDJ`��}p�a®@OD)_<Y�9\E5ZnGOP�;U_<9<E�;�H)NO9<·�;0g}M�NODFp�_<;�bnvfhiE-M5HJNOGO9A=	e5_<H)N�À�GOP�;
9\GO;�NQH6GI;��  [ � 9<@[gW;	GI;�NIb´9<E�;0gU`rNID)b��  p�a�@OD)_<YK9<E�ZµGOP�;C_<9<E�;�H)NL@BaW@BGO;�b�DJ`.;�tKe5H6GI9\DFE5@

�Z���  � ,�	 � ���  �����  [ � ?��  � �9-
>?P�;�NO;�	�� ���  �k9A@kGIP�;��KH)=�D)p�9AHJE
erbµe�_ÎGI9<g�9\bc;�E(@B9<D)E5H)_�g�;�NI9\Y6H6GI9\YF; f´D)`CGOP�;$E5D)E�_<9\E5;�HJN
`re�E5=	GO9<D)E��Z���.�	v�¿uP�;f9ÎGI;�NQH6GI9\DFE�9A@k=	DFEFGI9\E�e�;0g e5EFGI9\_LGOP�;fe�M4g�HJGO;�g���9<@k@Oe �U=	9<;�EKGO_<a
=	_<DF@O;�GODUGOP�;z;�Ñ�H)=±G�@BDF_\eWGI9\DFE¢À5HU=�NO9\GO;�NO9<D)E�GIP5H6G�=�HJEfp+;¹gW9��U=	e�_\G[GIDUY);�NO9\`ra)vKcL;�>uGOD)E/¼ @
bc;	GIP�DWgµgWD�;0@�E5DJG:HJ_<>�H�aW@�=	D)E�YF;�NIZ);)À6H�M�P�;�E�D)bc;�E5D)EzGIP5H6G�9A@.bcD)NI;�_<9\ÅF;�_<aC>?P�;�E�	 � ��� �
9A@/E�;0HJNI_\a�@O9\E�ZFe�_AHJN0v ��DFN/bcD)NI;�H)p(DFeWG c[;�>uGODFE¢¼ @/bc;	GIP�DWg"ÀJ@O;�;:GIP�; # v ½F½ #! �Ò # v �� �   v � ��#
=	DFe�NQ@B;�E�DJGI;�@�v

�/¡ �/¡�" ¤ %+*-,�!����3��12������!�%(�3�4���c����V#� ��� 1+�4��� ¥+¦K§©¨/ª�« %cL;�>uGODFE�df;�GOP�DWg#�KH)=	DFp�9AHJE�NI;�YF;�H)_<@�M�NID)p�_<;�b
Normalized 1-D 
Problem

General  Quadrature Scheme 

Computing the points and 
weights
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General  Quadrature Scheme 

Use different polynomials
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Each  polynomial mustic
Contain an  termix

Be linearly independent 
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Normalized 1-D 
Problem

General  Quadrature Scheme 

Using orthogonality and  
roots
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Normalized 1-D 
Problem

Simple Quadrature Scheme 
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Gauss-Quad

Simple Quad

Number of Points
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Approximately
Integrating
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Symmetrically 
Normalized 1-D 
Problem

Comparing Quadratures 

Evaluation Point Placement

-1 1

Simple-Quadrature Points
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Gauss-Quadrature Points
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Symmetrized 1-D Exmaple 
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