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Basis Function Approach 

Basic Idea

Example Basis
Represent circle with straight lines
Assume  is constant along each lineσ

Integral Equation 
Basics
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Basis Function Approach 

1) Pick a set of n Points on the 
surface

1x

2) Define a new surface by 
connecting points with n lines.

( )i3) Define 1 if  is on line  ix x lϕ =
( )iotherwise,  0 xϕ =

2xnx
1l

2l

nl

"!
=

!
=

="=Ψ
i
lline

surface

approx

dSxxG
n

i ni
n

i
dSx

ini
xxGx ')',(

11
')'()',()( σϕσ

�s-	� 5*-
���T5*�j�����yY ,.�*����3��T½ À Ã�� 7�
Ô¯Õ)ÖØ×��
°±>sJrt#9�CIE�G!oj9ugiM?<?@#9IÜ�ÝU9�lI<?oI9�Jrt#9=CIMNljGIBr<éJrt#;�ß¶GjBáVWGI>AgiJPBrHAV	JP<?>#lwJPtA94gP9up#<?94V	94Ý:<?gP9�VWGI>+àgiJrCF>�J`giJPBhCF<?lIt�JDgi9�VØJr<NGj>sEACIgP<?gÞß¶HA>AVØJr<NGj>AgWã%f*<NBhgiJ4ÜAGj>#9LJrCIOI9�g%JPt#9�E�GjH#>A@#CIBP~�V	H#BroI9�CF>�@p#M|CIVW94g\p/GI<?>jJhg©CIMNGj>#láJPt#9`VWH#BroI9Iã*ä%t#94gP9:p/GI<?>jJhgêCFBr9:M|CFE/9WM?94@=µ Å »iµ��F»������ µ À ã\°zß�Jrt#9`V	HABPoj9<|g:C=VWMNG�gi9�@RVWH#BroI9��¶;q94CI>#<N>AlqJPtACFJÞJrt#9WBr9uCFBr9á>#Gq9W>A@�p/GI<?>jJhg��	Ü+JPtA9W>]GI>#9�V4CF>]@+9��A>A9LCgP9	JLGFß�� giJPBhCF<?lIt�JáMN<?>#9qgi94lI;q9W>�Jrg�� Å »�� �!»!�"��� � À Ý:t#9WBr9uJrt#9q9W>A@Úp�Gj<N>�Jhg'GIß©M?<N>#9wgP9Wlj;=94>�J
� Ã CIBP9�µ Ã CI>A@sµ Ã"#�Å ß¶GIB%$'&(��ã*)�<N>#9=gi94lI;q9W>�J*�[<|g`CRgip/94VW<?CIM�V4CIgP9�CF>A@sVWGI>#>A94VØJhgDµ ÀÝ:<NJPtwµ Å CF>�@wV	M?GjgP94g\Jrt#9`CFpAp#BPGyå+<?;wC!JP<?GI>=JrG�JPt#9'V	H#BroI9jã�°±>wJrt#9`VW<NBhV	M?9D9	å#CI;=pAMN9DGj>qJPt#9gPMN<|@+9IÜ+>AGFJP9LJrtAC!J:Jrt#9�M?<N>#9�gP9Wlj;=94>�Jrg:CFpAp#BPGyå+<?;wC!JP9'JPtA9uCFBhVWgÞGFß*JPt#9uVW<NBhV	M?9Iã
+ >AVW9�JPt#9,�wMN<?>#9©gP9Wlj;q9W>�Jrg�CFBr9©@+9���>#94@)Ü�Jrt#9��kVWGI>AgiJrCI>jJ�EACIgP<?g6ß¶H#>AV	JP<?GI>Ag*VWCI>�E�9U94CIgP<?MN~@+9WJP9WBr;q<N>A94@)ã�°zß\µs<N>]Gj>RM?<N>A9ugi94lI;q9W>�J-� Ã JPt#94> Æ*Ã ´¶µ�·©¸/.jÜ Æ\Ã ´.µ/·©¸(0qGFJrt#9WBrÝ:<?gP9Iã

132%4 ×�57698;:I×§ÙèSUGj>AgP<?@+94B�C]BhCI@+<?HAg�Gj>#9�V	<?BhV	M?9Iã�°zßDGj>#9wBr9Wp#Br94gP9W>�JrgáJrt#9�VW<NBhV	M?9wHAgP<N>#lCF>[<?>AgrV	Br<NE/94@�p�GjMN~QlIGj>[Ý:<éJrt<�§p�Gj<N>�JhgWÜêCjgu<|g�gPt#G!Ý:>[GI>�Jrt#9RgPM?<?@+9jÜ\JPt#9�CFBr94C]<?>AgP<?@+9JPtA9up�GjMN~QljGI>�Ý:<NM?M�E/9�gP;qCIMNM?9WBDJPtACI>RJrt#9�CIBP9�C�<?>AgP<?@#9�JPt#9�V	<?BrVWMN9jãU�DG!Ýd@+GQ94gDJPt#<|g`CIBP9�C9WBrBrGIBU@#94V	Br94Cjgi9'Ý:<éJrt��>=�?êGjH�;wCy~wCIgrgiHA;=9'JPtA9'p/GI<?>�Jrg%CFBr9`H#>A<éß¶GjBP;qM?~wp#M?CjV	9�@kGI>�JPt#9V	<?BhV	M?9A@ gUE/GIHA>A@#CFBr~Iã

1B2*4 ×C576D8E:F×F�HGQH#pAp�G�gi9�Gj>#9�ÝÞCI>�JP94@RJrGkCFM?MNG!ÝæJPt#9�Vht�CFBrlI9�@+9W>�gi<NJ}~kJrGwoyCIBP~RMN<?>#9�CFBrMN~G!oI94BL94CIVht¯M?<N>#9kgP9Wlj;q9W>�J4Ü6<?>AgiJP9�CI@¯GFß%E�94<N>Al�pA<N9�V	9WÝ:<|gP9kV	GI>�g}JhCF>�J4ã�GQHAVht[C]Br9Wp#Br94gP9W>#àJrCFJP<?GI>sV	GjH#M|@]E�9�VWGI>�JP<?>QH#GIH�g:GI>]Jrt#9up/GIM?~�ljGI>ACIM6V	H#BroI9jã + >A9�CFp#pABPG�CIVht�ÝUGjH#M?@�E/9�JPGCIgrgP<Nlj>�CqVhtACFBrlI9`@#9W>AgP<éJ}~�oyCIMNHA9'JrG�9�CIVhtRp�Gj<N>�J:µ Ã Ü#CF>A@�JPtA9W>RJPGq@+9	Jr9WBr;=<?>#9áJPtA9áo!CIMNH#9GFß�JPt#9�VhtACIBPlj9'@+94>Agi<NJ}~wGI>RMN<?>#9�gP9WlI;q94>jJ'� Ã Ü+Gj>#9áÝUGjH#M?@�HAgP9áC�ÝU94<Nljt�JP94@RV	Gj;�E#<?>AC!Jr<NGj>GFßAJPt#9D@+94>AgP<éJr<N9�g*CFJ\JPt#9%M?<N>#9:gP9Wlj;=94>�Jrg*9W>A@#p�Gj<N>�Jrg4ãJI1tAC!J�ÝÞGIH#M|@�Jrt#9:CIgrgiG+V	<|C!Jr94@�EACIgP<?gE/9D=3�bä%t#9LEACIgP<?gUß¶H#>�VØJP<?GI>�g:~IGjHR@+9�gPVWBP<?E�9LgPt#GIH#M|@RE�9L>#Gj>LKW94BPG=G!oI94BNM + 8-O JrtACF>�GI>#9gP9WlI;q94>jJP�Øã

Ô¯Õ)ÖØ×FQ
°zß�ÝÞ9:giHAEAg}Jr<éJrH+JP9%Jrt#9:EACjgi<|g�ß¶H#>AVØJr<NGj>qBP94p#BP9�gi94>�JrC!Jr<NGj>uGFß�½�<?>�JPGáJPtA9:<N>�JP94lIBhCFMQ94m�HACFJP<?GI>6ÜCIg`<?gL@+Gj>#9�CFJ`Jrt#9�E/GFJPJPGj;âGFß�JPtA9=gPMN<|@+9jÜ�Jrt#9=BP9�giH#MNJ'<|g`JPG�Br9WpAM?CjV	9uJrt#9=GIBr<Nlj<N>ACIM6<?>jJr9	àlIBhC!Jr<NGj>�GIß�JPtA9�p#BPG+@+H�VØJ:GFß*JPt#9�KáBr9W94>R@ g©ß¶HA>AVØJr<NGj>]CI>A@RJPt#9u@#9W>AgP<éJ}~�Ý:<éJrt]C=ÝÞ9W<?lIt�JP9�@

ç



gPH#; GIß�<?>jJr9WljBrCIM?g*G!oI94B�g}JrBrCI<NljtjJ�M?<N>A94g�GIß��}HAgiJêJPtA9`KáBP949W>R@ g*ß¶H#>AV	JP<?GI>6ã�ä%t#9%>#9Wå�J©giJP94pq<?gJPtA9W>�JPGw@+94oI9WM?GIp]CF>]CFpAp#BPG�CIVht�ß¶GIBD@+9WJP9WBr;q<N>A<N>#l=Jrt#9�ÝU94<Nljt�Jrg4Ü+<N>�JPtA<?gDV4CIgP9`Jrt#9�� Ã @ gWã
«6¬ c ¬�� � ��7�,.5*(* #"Ue����*�*,¶��,.-/�� A��5�0 ,.�*,.Y�,
	I +��,.-/� 

���������q´¶µ�·��æ³=´.µ/·����������������
� � �"!#��$&%

ºw´¶µ�»iµ ¼ ·
À' Ã?Ä�Å ½�À ÃÒÆ*Ã ´¶µ ¼ ·}¾Q¿ ¼

( �B�w,."b"êZ\,._�{ �43*�T½ À Ã � 7���-[Y� +{/�)=´.µ/·L7�Y� #"b" ¬Ká9W>A9WBhCFM)CFp#pABPG�CIVht6²+*ê<|VhO�Cqgi9WJDGFß�Jr94giJ:ß¶H#>AV	JP<?GI>Ag-, Å »����!�	»�, À Ü�CF>A@�ß¶GIBhV	9.q´¶µ/·UJrGwE�9GIBPJPtAGIlIGj>ACFM�JPG=Jrt#9ugi9WJ0/
� , Ã ´¶µ/· q´¶µ/·i¾�¿�¸ 0 132�465	�E�>$

Ô¯Õ)ÖØ×87
°zßAJrt#9:EACjgi<|g�ß¶H#>AVØJr<NGj>�Br9WpABP9�gi94>jJ\<?GI>=tACFp#p/9W>�g*JPGL9	å#CIV	JPM?~�BP94p#Br94gP9W>�J�Jrt#9D@+94>Agi<NJ}~IÜFJPt#94>JPtA9kBP9�gi<|@+HACIM9q´¶µ/·�@+9���>#94@�Gj>èJrt#9wJrGIp[GFßÞJPtA9�CFE/G!oI9wgPMN<|@+9kÝ:<?MNMUE�9�KW9WBrG�ß¶GIB�CIMNM©µ�ãä%t#<|g:<|g:HAgPHACFM?MN~R>#GFJ:Jrt#9�V4CIgP9IÜ#CF>�@]<N>AgiJP9�CI@)ÜAÝU9�Ý:<?MNM6JPBr~kJPGwpA<?VhO�JPt#9uE�CIgP<?g%ß¶HA>AVØJr<NGj>ÝÞ9W<?lIt�Jrg4Ü*JPt#9]½ À Ã @ gWÜ�JrGègPGI;q9WtAG!Ý ;q<?>#<?;=<�KW9:q´¶µ�·Øã + >#9�CFp#p#BrGjCjVht¯JPG¯;=<?>#<?;q<"K4<N>#lq´¶µ�·©<|gÞJPGq;wCFOj9'<NJDGIBPJPtAGIlIGj>ACFMAJPGwCqV	GjMNM?94V	JP<?GI>�GIß�Jr94giJÞß¶HA>AVØJr<NGj>AgWã Û g%>#GFJr94@RGI>RJPt#9E/GFJiJrGI; GFß%Jrt#9RgPMN<|@+9jÜ*94>+ß¶GIBhV	<?>#lTGjBiJrt#GIljGI>ACIMN<NJ}~T<?>[JPtA<?g�VWCIgP9k;q94CI>Agu94>AgPH#BP<?>#lsJrtAC!JJPtA9�<N>�JP94lIBhCFM�GFß�JPt#9�pABPG+@+HAV	JDGFß�=´.µ/·:CI>A@:,�´.µ/·%G!oj9WBÞJPtA9ugiH#BPß.CIVW9L<?g K49WBrGAã

«6¬ c ¬<; � ��7�,.5*(* #"U0 ,.�*,.Y�,
	I +��,.-/��=R7�,.�*�?>Þ��74�A@�(*��_I�4,.-/�*7 
�������CB¹D, Ã ´¶µ�·Eq´¶µ�·}¾Q¿ ¸(0 F

�G, Ã ´¶µ�·P³=´.µ/·}¾Q¿H���G�I�����������
� � �"!#��$&%

, Ã ´.µ/·iºw´¶µ�»Pµ ¼ · À'J Ä�Å ½�À J
Æ J ´¶µ ¼ ·i¾�¿ ¼ ¾Q¿[¸ 0

K:LNM9OQPRPTSULWVXL�Y Z&[EL-\�OR]�L"YELWV^[9_`L�[Ea�b�\�ced�fhg a�b^b0ciOQVXS.[Ea�Lkj3lWm�nWnonWmEj�pqsrut�t�rwvUx�yoz<r�{}| j�~E���u���H�����.�8�����E�����ubUORV^[�_�Z&[Eg a�ORV�S���hx�t����0�wz�{H����y��wrT��| j ~ ��������� ~ ��������d�Z0ciORc���[ELWc�["�� ��z����uyW���C `��¡oz��£¢wx�te����y��Trw��| j ~ ���u����¤k¥
¦§� ~ �����N¨�?©D�ªZo«�L�Y Z0S0LWc �
Ô¯Õ)ÖØ×¬
Û g�>#GFJr94@§Gj>§JPt#9ÚJPGIp1GIßLJPt#9¯CFE/G!oI9TgPMN<|@+9IÜDgPH#EAgiJP<NJPH#JP<?>#l�ß¶GjBwJPt#9èBP9�gi<|@+HACIMD<?>1JPt#9GIBPJPtAGIlIGj>ACFM?<NJ}~Ú94m�HACFJP<?GI>�Gj>[JPtA9Rp#Br9WoQ<?GIHAg�giM?<|@+9R~Q<?9WM|@#g4Ü�lI<?oI9W> �§JP94giJ=ß¶H#>AVØJr<NGj>Ag4Ü �94m�HACFJP<?GI>Ag'94CjVhtTÝ:<NJPtèJ}ÝUG�<N>�Jr9WlIBhCFM|g4ãLä%tA9 �ABhgiJá<?>�JP9WljBrCIM�<|gáG!oI94B`Jrt#9=gPH#BPß.CIVW9�GIßêJPt#9p#BrG+@+HAVØJ\GFßAJPt#9%lI<?oI94>up/GFJP94>�JP<|CFMQÝ:<éJrt=C`JP9�g}J*ß¶H#>AV	JP<?GI>6ã�ä%t#9%gP94V	Gj>A@u<?>�JP94lIBhCFM�<?g\Cá@+GIH+àE#M?9�<N>�Jr9WlIBhCFM)G!oj9WBÞJPtA9�giHABiß.CjV	9IãUä%t#9�<N>�Jr9WlIBhCF>�@�GIß*Jrt#9u@+GjH#E#M?9�<N>�JP94lIBhCFM)<|gDCqp#BrG+@+HAVØJ

®



GFß�C=JP9�g}J`ß¶H#>AVØJr<NGj>6Ü#Jrt#9�KáBr9W9W>>@ g%ß¶HA>AVØJr<NGj>6Ü�CI>A@RJPt#9�Vht�CFBrlI9�@+9W>�gi<NJ}~�Br9Wp#Br94gP9W>�JhC!JP<?GI>�ã°zJ`<|gDCFM|gPGwp�G�gPgP<NEAMN9LJrGkHAgP9Lß¶9WÝÞ9WBDGjBD;qGIBr9LJPtACI>F�ÚJr94giJDß¶H#>AV	JP<?GI>Ag4ã%°±>]JPtACFJ'VWCjgi9jÜ+JPt#9Br94gPH#MéJr<N>AlLgP~+g}Jr9W;wg�GIß/9�mjH�C!JP<?GI>�g\<?g�>AGFJ©grmjH�CFBr9%CI>A@=;�HAgiJêE/9`giGjMNoj94@�HAgP<N>#l�gPGI;q9:OQ<N>�@GFßÞMN9�CIgiJià±gPm�HACIBP9�gDJr94Vht#>A<?m�H#9jã�GQH�Vht¯;q9WJPt#G+@#g�CIBP9=HAgP94@èGQV4VWCjgi<?GI>ACIMNM?~IÜ)EAH+Ju<éJ�<|gLoI94BP~@+<NvkV	H#MNJ:JPGkCI>ACFM?~	KW9'JPt#94<NBDVWGI>QoI94BPlj9W>AVW9IãSUt#GQGjgP<?>#lá@#<���9WBr9W>�J�JP9�g}J�ß¶HA>AVØJr<NGj>Ag�lI94>#9WBhC!Jr94g*;q9	Jrt#G+@#g\Ý:<éJrtw@+<���9WBr9W>�Jê>ACI;q94g4ã�°zß/JPt#9JP9�g}JUß¶H#>AV	JP<?GI>Ag%CFBr9D<?;qp#H#M|gi9�gWÜjJPt#9áBr94gPH#MéJr<N>Alu;q9	JPtAGQ@�<?gÞVWCIMNM?94@�C�V	GjMNM?G+VWCFJP<?GI>kgrVht#9W;q9Iã°zß�Jrt#9áJP9�g}J:ß¶H#>�VØJP<?GI>�g:CFBr9`Jrt#9�gPCI;=9�Cjg©Jrt#9LEACIgP<|g©ß¶HA>AVØJr<NGj>AgWÜ#JPt#9L;q9	Jrt#G+@�<|g%BP9Wß¶9WBrBP9�@JPG�CIg=C�KLCFM?9WBrO�<?>�;q9	Jrt#G+@)ã + >#9]VWCI>�CIM?gPGèVht#GQG�gi9�JP94giJ=ß¶H#>AVØJr<NGj>AgqÝ:<NJPt�Jrt#9sgPCI;q9gPH#p#p/GIBPJ�CIg�Jrt#9kEACjgi<|gLß¶H#>�VØJP<?GI>�g��.Csß¶H#>AVØJr<NGj>R@ g�gPH#p#p/GIBPJ�<?guJPt#9Rgi9WJ�GFß:µ�o!CFM?H#9�g�ß¶GIBÝ:t#<|VhtÚJrt#9=ß¶H#>AV	JP<?GI>¯<?gL>#Gj>LKW94BPG	�ØÜ)E#H#JuÝ:t#<?VhtèGI>#M?~sJhCFOI9=GI>èJPtA9=o!CIMNH#9qGj>#9�GjB�KW9WBrGAã°±>wJrtAC!J%VWCIgP9IÜjJPtA9DJP9�g}JÞß¶H#>AV	JP<?GI>AgÞgP9WBroI9%JPG=CyoI94BrCIlI9ÞJPt#9áBr94gP<?@+H�CFMAG!oj9WB�Jrt#9'gPH#p#p/GIBPJUGIßJPtA9�EACIgP<?gUß¶H#>�VØJP<?GI>�ã

«6¬ c ¬�� x -/".".-�_I +��,.-/� 
���������� bUPRPRb^goZ&[EORb0V��ej�~i�������H�X���.� �u���E�����ub0ORV�[�_�Z�[Eg"aXOQVXS^�

¹
	��������������������������������������! "

Á p# � l%$ p #
& �(' )É ÊØÇ È�+*-,%,/.�0�1

243 .45(*7698
: ��� � ��mi�%;��i� # ����;��=<?>@;��BA ��� � �E�

CDDD
E
F l4G lIH�H�HJH�H�H F l4G pKKK K K K KKKKKK K K K KKKF p?G lLH�H�HJH�H�H F p�G p

M�NNN
O

CDDD
E
$ p�lKKKKKK$ p0p

M�NNN
O �

CDDD
E
A ���u�(P��KKKKKKA ���u��Q��

M�NNN
O

Ô¯Õ)ÖØ×SR
ä%t#9uVWGIM?MNG+VWCFJP<?GI>�;q9	JPtAGQ@s@#94grV	Br<NE/94@�<?>]JPt#9�CIE�G!oj9�giM?<?@#9�HAgi9�gDgPt#<éß�Jr94@]<?;qp#H#M|gi9�ß¶HA>AVØàJP<?GI>�g�CIgáJP9�g}JLß¶H#>�VØJP<?GI>�gWÜ�, Ã ´¶µ�·u¸UT+´¶µ)��µ Ã ·	ã Û gáJrt#9kgiHA;=;wCFJP<?GI>¯94m�HAC!Jr<NGj>è<?>¯JPt#9;q<?@A@+MN9LGIß6JPt#9LCFE/G!oI9ágiM?<|@+9L<N>A@#<?V4C!JP9�gWÜ�Jr94giJP<?>#l�Ý:<NJPt�<?;=pAH#M?gP9áß¶H#>AV	JP<?GI>AgÞ<|gU9�m�H#<No!CIMN94>jJJPG�<N>AgP<|g}Jr<N>#l�JPtACFJ�q´¶µ Ã ·ê¸ 0#ã + B©9�m�H#<No!CIMN94>jJrMN~jÜIJrtAC!JUJPt#9'p�GIJP94>jJr<?CIM�pABPG+@+HAVW94@qEQ~=JPt#9CFpAp#BPGyå+<?;wC!JP9�@wVhtACFBrlI9'@+9W>AgP<NJ}~kgit#GjH#M|@w;wC!JrVht�JPt#9álI<?oI94>kp/GFJP94>�JP<|CFM)C!JN�sJP9�g}J%p�Gj<N>�JhgWãä%tACFJ'Jrt#9qp�GIJP9W>�Jr<?CIM?gá;wC!JhVhtèC!JáJPtA9�Jr94giJLp/GI<?>�JrgálI<?oI9�g`Br<|gi9�JPGRJPt#9q;q9	Jrt#G+@ @ g'>�CF;q9IÜJPtA9�p/GI<?>�Jrg'Ý:t#9WBr9uJrt#9�p/GFJr9W>�JP<|CFM\<|gá9	å#CIV	JPM?~�;wCFJrVht#9�@s<?gWVPV	GFàzM?GQV4C!Jr94@%XuÝ:<NJPtèCRgi9WJáGIßJP9�g}JDp/GI<?>�Jrg4ãä%t#9 �ZY �§;wC!JPBr<Nåè94m�HACFJP<?GI>�C!JuJrt#9kE/GFJPJPGI; GFß%JPtA9kCFE/G!oI9wgiM?<|@+9ktACjguCIg�<NJrguBP<?lIt�JiàtACI>A@�gP<|@+9ÞJPt#9:p/GFJr9W>�JP<|CFM|g�C!J\JPtA9%JP94giJ�p�Gj<N>�JhgWã\ä%t#9:H#>#OQ>#G!Ý:>�g*CIBP9UJPtA9:EACIgP<?g*ß¶HA>AVØJr<NGj>ÝÞ9W<?lIt�Jrg4ã�ä%t#9\[ Ñ^] ;wCFJPBr<éå¯9WM?9W;q9W>�Juß¶GjBLJPt#9�$ Ñ^] BPG!Ý�<?gLJrt#9kp/GFJr9W>�JP<|CFMêpABPG+@+HAVW94@�C!JJP9�g}JDp/GI<?>�J:µ Ã EQ~�CwVhtACIBPlj9'@+94>AgP<éJ}~R94m�HACFM�JrGqEACIgP<?gÞß¶HA>AVØJr<NGj> Æ J ã

_



«6¬ c ¬�� �  #"b����{6,b� 
���������

� Z0PRL�Y���ORV�� j�~i���������3~E���u����[ELWc�["��d�Z&ciOQc �

SMA-HPC ©1999 MIT

Laplace’s Equation 
in 2-D

Basis Function Approach 
Galerkin
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Convergence 
Analysis

Example Problems 

1-D First Kind Equation

( )  is unknownxσ( ) 3x x xΨ = −
The density must be computedThe potential is given
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Convergence 
Analysis

Example Problems 
Collocation Discretization of 

1-D Equation
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Convergence 
Analysis

Example Problems 
1-D First Kind Equation 

Difficulty
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x x x dSσ σ σ
−

′ ′ ′Κ ≡ − # Κ = Ψ"

Denote the integral operator as K

The integral operator is singular has a null spaceΚ

( ) ( )0 00, 0, 0 1x xσ σ= ≠ =
-1 1
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0 0
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′ ′ ′Κ = − ="

( )0If a aσ σ σΚ = Ψ # Κ + = Ψ
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Eigenvalues accumulating at zero.Eigenvalues accumulating at zero.

Ô¯Õ)ÖØ×ÚÙ��
°zß/JPt#9:Gjp�94BrCFJPGIB��¥<|g�gi<?>#lIHAM?CIB4ÜFGj>#9%;q<NljtjJ�9WåQp/94V	J�JPGugP9W9ÞJPt�C!JêBr9��A9�VØJP9�@�<?>=JPt#9:94<Nlj9W>+ào!CFM?H#94gUGFß�C�;wC!JPBr<Nåqlj9W>#94BrCFJP9�@qE�~w@+<|grV	Br9	JP<�KW<?>#l � ã\°±>�pACIBiJr<?VWH#M?CIB4ÜjGI>#9'ÝUGjH#M|@w9	å+p/94VØJJPtA9`;wC!JrBP<NåqJPG�t�CyoI9D94<Nlj9W>Qo!CFM?H#94gêJPtACFJÞCFBr9`>A94CFB,KW94BPG�ã�°±>wJrt#9LCFE/G!oI9`gPMN<|@+9jÜIJrt#9'94<Nlj9W>+ào!CFM?H#94gUGFß�;qCFJPBr<?VW94gUlI94>#9WBhC!Jr94@wEQ~k@+<|gPVWBP9WJP<�KW<?>#l � ß¶GIBÞJPtA9 ë àznÂp#BrGIE#M?9W;�CIBP9'p#MNGIJiJr94@)ãn'<?grV	Br9	Jr<"K4<N>#l�HAgi<?>#lH.D0wgiHAE#<N>�Jr9WBroyCIM?g`lI94>#9WBhC!Jr94gDCw;wCFJPBr<éå]Ý:<éJrt ë�� 94<Nlj9W>Qo!CFM?H#94gDp#MNGIJiàJP9�@�<?>]E#M?H#9Iãêä%t#9LE#M?H#9L9W<?lI94>QoyCIMNHA9LVWMNG�gi9�g}JÞJPG�K49WBrG�<|g��(0 � 0 .Iã Û g%Jrt#9�@+<|gPVWBP9WJP<�K4C!Jr<NGj>

ë _



<|g:BP9��A>#9�@�JPG�ç � gPH#E#<?>�JP94BPo!CFM|g4Ü+JPt#9�;=<?>#<?;�H#; 94<Nlj9W>Qo!CFM?H#9��¶p#M?GFJPJP9�@]<N>sBr94@ �%@#BPGjpAg%JPG
� 0 � 070��AÜ6CF>A@¯Ý:<NJPt _ � gPH#E#<?>�JP9WBro!CFM|gáJPt#9�;=<?>#<?;�H#; 9W<?lI94>QoyCIMNHA9B�.p#M?GFJiJr94@¯<?>[lIBr9W9W>��@+BrGIpAgwJPG � 0 � 070A0��#ã Oêå+CI;q<N>#<?>#l�Jrt#<?g�@#CFJrC[gPH#lIlj94giJrg=JPt�C!J�CjgqJPtA9Ú@+<|gPVWBP9WJP<�K4C!Jr<NGj><|g�BP9��A>#9�@)Ü�Jrt#9wlI94>#9WBhC!Jr94@¯;wC!JrBP<NåÚ;qGIBr9kCIV4V	H#BhC!Jr9WM?~TBP9 �A94V	JrgLJrt#9wGIp/9WBhC!JrGIB � Ü�CF>�@JPtA9WBr9	ß¶GIBr9'JPt#9�;wC!JrBP<Nå�<|g:E/94V	Gj;q<N>#lwVWMNG�gi94BUJrGwE�94<N>AlqgP<?>#lIH#M|CFB�ãÛ g`JPtA9=@+<|grV	Br9	JP<�K4CFJP<?GI>s<|g`Br9���>#94@)Ü/Jrt#9�;wCFJPBr<éå]<?gáM|CFBrlI94B`CF>A@TtACIg';qGIBr9u9W<?lI94>�o!CIMNH#9�gWã
�DGIJP<|V	9'JPtACFJDCIgUJPt#9�@+<|grV	Br9	JP<�K4CFJP<?GI>R<?gÞBr9��A>#9�@wß¶BrGI; �s¸ .D0uJrG �T¸
	C0�JrG��s¸��70#Ü+CIMNMJPtA9uCI@#@+<NJP<?GI>�CFM)9W<?lI94>QoyCIMNHA94g%CFBr9�V	M?GjgP9WBÞJPG�KW94BPG�ã

�%��� ���:�! ¦#"�$&%è¨#£('#"�$) �
��¬��6¬ c �	����(�,.�4,b-��	��
©-�(��=�43*�T$',b���Q��a# #"b(��Q7 

��������� �Û gÞJrt#9u@+<|gPVWBP9WJP<�K4CFJP<?GI>�<?g%Br9��A>A94@)ÜA½ � ´.µ/·%E/94VWGI;q94g%E/9	JPJP9WB'CFp#p#BrGyå+<N;wCFJP94@

SMA-HPC ©1999 MIT

Convergence 
Analysis

Example Problems 
Intuition about the 

Eigenvalues

0 1x = − 1nx =1x 1nx −2x

0 1x = − 2 1nx =1xÛ gÞJrt#9u@+<|gPVWBP9WJP<�K4C!Jr<NGj>R<|g%Br9��A>#9�@)Ü �<@ g%>QH#M?M�gip�CIV	9�V4CF>�E�9�;qGIBr9�CIV4V	H#BhC!Jr9WM?~BP94p#Br94gP9W>�JP9�@)ã
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��¬��6¬|« ���Q_I-/��5§{6,b��51$á&)(� #�4,.-/�13* #7 @�������� � �!-�
*"b��Y 7 
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´ 	� �¯·}½)��½�´.µ/·  �
Å

.
Å / µ§�èµ ¼ / ½�´¶µ ¼ ·}¾Q¿ ¼ F ´ 	  �è·i½]¸ ³

´ 	� �¯·	´b½ �  ½6· �¸ ´ 	  �è·i½
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Convergence 
Analysis

Example Problems 
2-D  Kind Equation has 

fewer problems

( ) ( )0 00, 0, 0 1x xσ σ= ≠ =

-1 1

( )I + Κ
-1 1 +

-1 1= ≠ Ψ

Ô¯Õ)ÖØ×���	
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´ 	  �è·i½ � ¸ ´ 	Q·}½ �  �Ú½ � ¸æ½ � �¸ 0L� � ëIë �

�%��� � �  $6¨A�P¡��!"�� $��Q� "±¢#�����}¢#ª��� `¡�¨ $��\�Q�P ��   
�������¯®)�
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n = 10

n = 20 n = 40

Eigenvalues do not get closer to zero.Eigenvalues do not get closer to zero.
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Û gÞÝÞ9'>AGFJP9�@kE/9	ß¶GjBP9jÜQJPt#9L;wC!JrBP<NåkCIgrgiG+V	<|C!Jr94@wÝ:<NJPt]@+<|gPVWBP9WJP<�KW<?>#l�JPt#9áGIp/9WBhC!JrGIB 	  �<|g�<?@#9W>�JP<|VWCIMêJPGTJPt#9�gPH#; GFß%JPtA9k<?@#9W>�JP<NJ}~è;wCFJPBr<éå�CF>A@¯Jrt#9k;wC!JrBP<Nå¯CjgPgPG+V	<|C!JP9�@¯Ý:<éJrt@+<|gPVWBP9WJP<�KW<?>#l � CIMNGj>#9Iã:°±>TJPt#9�p#MNGIJáCIE�G!oj9IÜAÝÞ9uGj>AV	9=CFljCI<N>]p#Br94gP9W>�JDJrt#9�94<Nlj9W>Qo!CFM?H#94glI94>#9WBhC!Jr94@�EQ~u@+<|grV	Br9	JP<�KW<?>#l'JPt#9 ë à±n§9	å#CI;=pAMN9Up#BPGjE#M?9W;]ã*n'<|gPVWBP9WJP<�KW<?>#l'H�gi<?>#l .!0`gPH#E#<?>+àJP94BPo!CIM?g%lj9W>#94BrCFJP94g:C=;wC!JrBP<NåRÝ:<NJPt ë � 9W<?lI9W>Qo!CFM?H#9�g%p#MNGIJiJr94@�<N>sEAMNH#9jã©ä%t#9�E#M?H#9u94<Nlj9W>+ào!CFM?H#9'VWMNG�gi9�g}JUJPG KW9WBrGu<|g � 0L� 	+ã Û gUJrt#9'@+<|grV	Br9	JP<�K4CFJP<?GI>k<|gUBP9��A>#94@wJPG=ç � gPH#E#<?>�JP9WBro!CFM|gWÜJPtA9';q<?>#<N;�H#;�94<Nlj9W>Qo!CFM?H#9 �.p#MNGIJiJr94@R<N>RBP9�@ �ê<|g%g}Jr<NM?M �(0 � 	#Ü�CI>A@kÝ:<NJPt _ � giHAE#<N>�Jr9WBroyCIM?gJPtA9�;q<?>#<N;�H#;â9W<?lI94>QoyCIMNHA9��¶p#M?GFJPJP9�@Ú<?>TlIBr9W94> �:<|gLg}Jr<NM?M � 0 � 	#ã%O�å#CI;=<?>#<?>#lRJPt#<|gL@#C!JhCgPH#lIlj94giJrg*JPt�C!JÞCjg\JPtA9`@+<|gPVWBP9WJP<�K4C!Jr<NGj>q<?g©BP9��A>#94@6ÜjCF>�@=JPt#9'lI9W>A9WBhC!JP9�@�;wCFJPBr<éåq;qGIBr9DCIVØàV	HABrCFJP9WM?~qBP9 �A94V	JrgUJPtA9'Gjp�94BrCFJPGIB 	  ��Ü�JPtA9';wC!JrBP<Nåk<|gU>AGFJ%E�9�V	GI;q<?>#l=;=GjBP9ági<?>#ljH#M?CIB4ã
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Å

.
Å / µ§�¯µ ¼ / ½�´¶µ ¼ ·i¾�¿ ¼ �
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	¯ª $�£ê¨��
��¬��¬ c � �Q�*�j�! #" @��y AY�����-A�y{ 
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³=´¶µ�·©¸æ½�´¶µ/·  � ºw´¶µ�»Pµ ¼ ·i½�´¶µ ¼ ·i¾Iµ ¼ F ³ ¸ ´ 	  �è·i½

n'<?grV	Br9	Jr9á9�m�H#<No!CIMN94>jJ ³ À ¸ ´ 	  � À ·+½ À
Ý:t#94BP9�³áÀ�CI>A@]½AÀ�CFBr9`ß¶HA>AVØJr<NGj>Ag:GFß\µ�ã
I1tACFJD<?g`³áÀ�= �kÀ =
��¬��¬|« e�,.7�_F�!���4�T$á&)(*,¶a# #"b�����w^z-�� �  #".���y{6,.� 

�������¯®L�� ��Z*�!��7��Q���4 +��,.-/�[½ À ´.µ/·©¸ Á ÀÃ?Ä�Å ½ À Ã Æ Ã ´¶µ�·
� �!-����Q_F��,.-/��½ À ¸���½

��½� Á ÀÃNÄ*Å
� Q �É ÊØÇ È� � ½�´.µ/· Æ Ã ´.µ/·i¾Iµ�� Æ Ã ´.µ/·
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nσ

�DGIJP9 �Ú½�À)´¶µ�·©¸ � ��½�´¶µ�·©¸ÂÁ ÀÃNÄ*Å ½AÀ Ã ¹=ºw´¶µ�»iµ�¼¶· Æ\Ã ´.µ�¼�·}¾jµ�¼
��¬��¬�� e�,.7�_F�!���4�T$á&)(*,¶a# #"b�����w^z-�� �  #".���y{6,.� � _I-/���45 ¬.¬ 

�������¯®���w´ � ��½6·ê¸ À'J Ä�Å
� � Æ J ´.µ/· � ��½�´¶µ�·}¾jµ � Æ J ´¶µ/·

¸
À'J Ä*Å
� À' Ã?Ä�Å ½ À Ã �G� Æ J ´.µ/·}ºw´.µ�»Pµ ¼ · Æ Ã ´¶µ ¼ ·}¾jµ�¾jµ ¼�� Æ J ´¶µ/·

-A�´ 	  � � �u·i½ À ¸ ��³
´ 	  �kÀ+·}½�Àk¸Â³áÀ

Ô¯Õ)ÖØ×����
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)69WJ � @+9W>#GIJP9áJPtA9�<N>�JP94lIBhCFM�GIp/9WBhC!JrGIB�Ü+CF>A@�JPt#94BP9Wß¶GIBr9

�è½]¸ � ºw´.µ�»Pµ ¼ ·}½�´.µ ¼ ·}¾jµ ¼ � ë çA�
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�ÂEACIgP<?gß¶H#>AV	JP<?GI>Ag4ã(�DGIJP9át#9WBr9'JPtACFJ:½�Àk<|g:Cuß¶HA>AVØJr<NGj>RGIß�µsCF>A@RÝÞGIH#M|@wJ}~Qp#<|VWCIMNM?~wE�9Llj<Noj9W>kEQ~

½ À ´¶µ/·U¸
À' Ã?Ä�Å ½ À Ã Æ Ã ´¶µ/·�� � ë0® �
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��½�´¶µ/·U¸ À' Ã?Ä�Å � � ½�´.µ ¼ · Æ Ã ´¶µ ¼ ·}¾jµ ¼ � Æ Ã ´.µ/·Ø» � ë 7 �

CF>�@ ���\´¶µ/·U¸ À' Ã?Ä�Å �*´.µ Ð � · Æ Ã ´.µ/·P� � ë ! �
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