
���������
	������������	�������������� ������� ��� ��� �!��"$#%�'&(�����)"*�
+%,.-0/21436587�9:/0-<;=3>/2;�-<,?A@CB'DFE�GFH)E:I'EJ@FKJEML6N�OQP8O>I'RSKTIUB
OVB)E�I'DFEWOVH%X�L2Y[Z]\�^4_a`'bdceZfL6g�H h%ijEJk.g�OVB)RSL6@FIlNmL>H[B)DFE�Y*OWnoEJIPfE:KJL6pME ^q\srutJcwv8xTy:z|{~}���� b

�d� y� y �� b
z��u{ � �� _

z����
^�B)DFE%��OW���SEJR��6D�EJk.g�OVB'R�L6@�O>I�E��.B)EJ@F�FEJ�8c�YwRSB'D

� �� _
����r � y \� _ y

r }���� b
�d� y� y � \� b� DFE[PfL6gF@F��OVH���EJk�g�OVB)R�L6@FI�OVH)E[B�H)R�K)�.�oZFDFL0Y E:noE�HW¡�?AN¢\£RSIw@FL>B�¤JE:H)LMOVBwB)DFE%PfL>B'B'L6p�Z�B)DFEJ@�Y�E[YwR����D�OWnoEQGFH)E:I'I'g�H)E��>H
O>�FR�EJ@oB)ITO>��L6@F�¥B)DFEQI'g�H)N¦O>KJE�I'LCB)DFE§B)DFE§I'g�H)N¦O>K:E�KJL�L>H)�FR�@�OVB)EVZ bo¨2^4_�c!YwR��S��PfE�ONmgF@FK:B)RSL6@�L6N=_©¡ � DFE�K:L6@F�FRSB)RSL6@�B)D�OVB�B)DFE[PaL>B'B)L6p�PaE!OVB��6EJL>GfL>B'EJ@dB'RªO>�«��PaEJKJL6pMEJI

¬ ^4_a` bV¨�c$��
� OV�.R�@F�TOT_§�FE:H)R®n>OVB)R®noE�O>@F��gFI'R�@F�TB)DFE��6EJL6IUB'H)L>G�DFR�KlH)EJ��OVB)R�L6@��6RSnoEJI

r � \ ¨ { ¯ ¨ � bo¨� _
���

YwDFE:H)E!\ ¨ O>@F� ¯ ¨ OVH)E�B)DFE°I�g�H)N¦O>KJE°n>O>�SgFEJI L6N±noEJ��L�KJRSB²�³O>@F�QP�gFL0�dO>@FK:�o¡ � DFE°�SR�@FEWOVH'R�¤JEJ�§PfL6gF@F��OVH��KJL6@F�FR®B)R�L6@FI�PfEJKJL6p³E
¯ ¨ b6´¨ { ¬ ´µ^�¶�`)_©` b ¨ `'·�c]���

v �� ·
{¸\ ¨ �� ¶

� b>´¨ {�¹�´ � b ¨� _
��º¢´

»¥gF�SB)R®G��S�.R�@F� B)DFE%I'EJKJL6@F��EJk.g�OVB)RSL6@QPd�¥r ¯ ¨ O>@F�QI'g�P�I�B)R®B)g�B)R�@F�TNªH)L6p�B)DFE°¼FH)I�B!^½O>@F�§B)DFElEJk.g�OVB'R�L6@NmL>H�B)DFE[P8O>I'RSK��>H
O>�FRSEJ@oB�L6N�B'DFE[I'g�H'N¦O>KJE!KJL�L>H)�¾¡¿c��6RSnoEJI
v �� ·

{s\ ¨ �� ¶
� ¬ ´FrÀ¹�´ � \ ¨ �Ár ¯ ¨ º¢´

ÂÀE[KJL6p P�R�@FElB)DFR�I*Y�R®B)D�B'DFE[P�gFL0�dO>@FK:�QEJk.g�OVB)RSL6@
v �� ·

{s\ �� ¶
� � ¬ ´� b

rÃ¹ ´ � � \� b
�Ár�� y º ´

� LT�6E:B
v �� ·

{s\ ¨ �� ¶
�Äv �� b

r � y¯ ¨ � ¬ ´FrÀ¹�´ � v �� b
r � y¯ ¨ � \Å��� Æo· b[� b ¨

}



Ç 1�ÈÃÉ�7¦,¥ÈÃÊ±Ë�,�9Ì8L>H�B)DFE!G�g�H'GaL6I'E L6N]E���O>p³R�@FR�@F�³I'R�p³G��SE�pML��FEJIJZ8Y E I'D�O>����O>I'I'gFpME!B'DFE!I'g�H)N¦O>KJE noEJ�SL.KJR®B²�|\ ¨nVO>@FR�I'DFEJI:¡ � DFEJ@�Y E�KJO>@�B
OV�oE b ¨ �Í��¡ÃÂÀE�O>��I'L¥B
OV�oEÎB)DFE§noE:H'B)RSKWO>��I'DFEJOVH³B)L¥PfEQ¤JE:H)LÏOVB�B)DFE�>H)L6gF@F�QI'L B)D�OVB�B)DFElI'g�H'N¦O>KJEl�FEJ@FI'RSB²�§RSI KJL6@FI�B
O>@oB�O>@F� ¯ ¨ �sÐf¡$Ñ°g�H*PfL6gF@F��OVH'�§K:L6@F�FRSB)RSL6@QRSI @FL2Y
�� ·
v �� b

r � yÐ � ¬ ´ ��� Æo· b����
Ò �� b

¬ ´©� � yÐ ¬ ´ Æd· b����
ÂÀE[I'D�O>���¾B
OV�oE°B)DFE[R�I'L>B)DFE�H)pÎO>�fP8O>I'RSK�I�B
OVB'E[I'L�B)D�OVB

}� �� b
�.� y� y �� b

r©Ó � y� y v � y� b y
r }Ô ¨ �� b

�
O>@F���SL.L>�§NmL>HwI'L6��g�B)RSL6@FI�YwRSB'D�z��ÕWÖ)× y'Ø¢Ù�Ú Y�DFRSK
D�R�p³G��SR�EJI

v � y� b y
r }Ô ¨ �� b

� z���Õ Ö)× y'Ø¢Ù%v � y� b y
r }Û Ô y¨ � ÚÑ°g�H�R�@oB)E:H'R�L>HwEJk.g�OVB)RSL6@�I'RSp³G���R®¼�EJI*B)L

� y� b y
Ú �ÁrwÜ�^�bdc Ú ^ } cgF@F�FE:H$B)DFE�O>I'I'gFp³GFB'R�L6@ B)D�OVB$t�R�I]�SEJI'I�B)D�O>@�B)DFE*pMR�@FRSp�gFpÄL6Nf\£^�L>H]�>H)EWOVB)E:H]B)D�O>@�B)DFE*pÎO<��R�p�gFp§cYwRSB)D

Ü�^�bdc]� � y� y � �� _\Ýrut r � y� y�Þ y r }Û Ô y¨� DFE���L0Y E:H�PfL6gF@F��OVH���KJL6@F�FR®B)R�L6@�R�I
�� b
Ú �Ár°ß Ú ^½à6c

YwRSB)D ß³� }àVÔ ¨ r � yÐ � }Ô ¨ v }à râátUã �
ä�å æaå>ç?A@�B)DFE[OVP�I'EJ@FK:E!L6N�X�L0Y�ZFY E[D�O0noE

Ú �ÝE��.G�^Ur°ß.bdc Æ�è±é t��Ár �
Þ y { êJëì ë Ø ëÙ°íîµï ^ } r íîqï cL>H t*�ðr �

Þ y { � yÐ�Ô ¨ t�ñtUã
�Ár �

Þ y { � yÐ�ÔMò
` ÔMò �Ô ¨ t�ãt�ñ

à



ó]ô¦å>ç ?A@�B)DFE!GFH)EJI�EJ@FKJE�L6N�X�L2YÁKWO>@�Y E D�OWnoE pML>H)E�B)D�O>@�L6@FE p³L.�FE0õ�i%R®noEJ@|O�\T^�bdc GFH)L>¼���EJI:ZfY EKWO>@§R�@oB)EJ�>H)OVB)E�^ } c¢IUB
OVH'B)RS@F� NªH)L6pâB)DFE°RS@FRSB)R�O>�©KJL6@F�FR®B)R�L6@FI Ú ^½�oc]� } ZÎöö Ö Ú �Ár°ß§O>@F�ÎnVOVH'�Ît�gF@oB)RS�B)DFE[I'L6��g�B)RSL6@��FE:KWO0�.I°OVB�÷ÝZFÂÝR®B)D \��ùøà b yY E[D�O0noE
Ü�^�bdc]� ì ëê ë ��r ø { ø bÔ ¨úy ø b y rÀt r � y� y�Þ y r }Û Ô y¨Ì8L>H øÎû � y ��ü � y Z¾Y E�KWO>@CB)OV�oETt û �§I'L�B'D�OVB%B'DFE�¼FH)IUB[B)E�H)p(R�IlGfL6I'R®B)RSnoE P�g�B%PfEJKJL6p³EJI[I�pÎO>���R�@CB)DFEMg�GFGfE�H�OVB)pML6I�G�DFE:H'E>Z�YwDFR��SETB)DFEMI�EJKJL6@F��O>@F�ÃB)DFRSH'�ÏB)E:H)p³I!OVH)ET@FEJ�oOVB)RSnoEV¡ � DdgFI!Y EMD�OWnoEI'RS@�gFI'L6RS��O>�oI'L6��g�B)RSL6@FI�RS@[B)DFE¢��L0Y E:H�OVB)pML6I�G�DFE�H)E$YwDFE:H)E¢Ü�^¦bdcaR�I±GfL6I'R®B)RSnoE¢O>@F��Ee��GfL6@FE:@dB)R�O>���®�l�FEJKWOW��II'L6�Sg�B)R�L6@FI�OVB�DFE:R��6DoB�YwDFE:H)E�ÜÎPaEJKJL6pMEJI«@FEJ�oOVB)R®noE>¡=ý°I«��L6@F��O>I�B)DFE$I'R�@dgFI'L6RS��O>�dH
O>@F�6E¢R�I±P�R��wEJ@FL6gF�6D¾ZY E[I'DFL6gF����PaE�OVP��SE[B)L�¼�@F��I'E:noE�H
O>�±pML.�FEJI:¡þÍÿ��ÂÀETKWO>@À��L�L>��¼FH)I�B NmL>H[B'H
OVGFGaEJ�ÃpML��FETI'L6�Sg�B)R�L6@FI%B)Lu^ } c�YwRSB)DCÜ��£��E:noE:H��.YwDFE:H)EMgFI'RS@F��OÂ�����NmL>H)p�¡]ÂÃE[�SE:B Ú �	��^�bdc�E��.G«^Ur�
�^�bdc'c

�6RSn.R�@F� �°´ ´d{��
>´ y r�à��°´�
>´Fr��
>´ ´8��� Ü�� �
� OV�.R�@F��B)DFE[GFH)E:I'gFpMEJ����OVH)�6EJI�B�B)E:H'pMI B)LTP8O>��O>@FKJE��6R®noEJI


���� Ö� � Ü�^�b ´ c�� ú × y é6b ´
� DFE[@FE��.B�L>H'�FE:HwB'E:H)pMI �6R®noE%gFI�B)DFE%I�B'H)gFK:B'g�H)E[L6N�� Z�P�g�BwB'D�OVBwRSI'@�� H�H)EWO>�S�S�Î@FE:KJEJI'I)OVH���DFE:H'E>¡ � DFE��L0Y E:H�PfL6gF@F��OVH���KJL6@F�FR®B)R�L6@��6RSnoEJI:Z�B'LTB)DFEl¼FH)I�B�OVGFGFH)L0��R�pÎOVB'R�L6@¾Z

r�
 ´ ^½�oc��Ý�Árlß�� Ò � Ü�^4�oc�� ú × y � ß ��� Ü�^½�oc]�Ár°ß y
I'L�B)D�OVB

t��Ár ��r � y� y ø
Þ y { � yÛ � y Ô y¨ r � y� y ß y� LQI'L6�®noE�^ } clOVGFGFH'L0��R�pÎOVB)E:�S��gFI�R�@F��Â����ÁNmL>H[B'DFETL>B)DFE�H[p³L.�FEJIJZ¾Y E�p�gFI�B%�FEWO>�=YwRSB)D|B)DFEB)g�H)@FRS@F��GaL6R�@oB!OVB%bQ� b � YwDFE:H)ETÜ�^�b � c°���Ï^½O>�SB)DFL6gF�6D¥Y ET�FL6@�� B%��@FL0Y£Y�DFE:H'ETE��FO>K:B)�®��B)D�OVB�RSIgF@oB)R��¾Y E[�FE:B)E:H)p³R�@FE[tJc�¡ � EJ��L0Yb � ZFY E%KWO>@�B
OV�oE
Ú �	��^�bocFK:L6I!
�^�bdc

"



�6RSn.R�@F� �°´ ´Fr#�
>´ y �ÁrwÜ$�r�à��°´%
>´Fr��
>´ ´8���
� DFE[Â�����OVGFGFH'L0��R�pÎOVB)RSL6@�RS@dnoL6�®noEJI���H)L>GFG�R�@F�³B'DFE�� ´ ´ B'E:H)p�&�B)DFRSI��6R®noEJI


[�'
 � { � Ö� Ü ú × yO>@F� �Ý� v Ü�^4�ocÜ � ú ×)(
� DFE���L0Y E:H�PfL6gF@F��OVH���KJL6@F�FR®B)R�L6@QB)L³�SL2Y�EJI�BwL>H)�FE:H��6R®noEJI

B
O>@�
 � � ß* Ü�^½�oc ^ " c
ý°I*Y E!OVGFGFH)LoO>K
D�B'DFE[B)g�H)@FRS@F�TGaL6R�@oBWZ+�ÄP���L0YwIwg�G�^¦P�g�B�noE:H'�QI'�SL2Yw�S�Fc,&�B)DFE%I'L6��g�B'R�L6@��SL.L>�.I��SRS�oE

Ú � Ü�^½�oc ú ×)(Ü�^�bdc ú ×)( KJL6I.-/
 � {0� Ö21� Ü ú × y {0� ÖÖ21 Ü ú × y435$�.G8O>@F�FR�@F��B)DFE���O>I�BwB'E:H)p gFI'R�@F�³Ü�^�boc76Ár8� Ü ´ ^¦b � c��¿^�b°rÃb � c �6RSnoE:I
Ú 6 Ü�^4�oc ú ×)(Ü�^�boc ú ×)( KJL6I - 
 � { � Ö21� Ü ú × y r à" � Ü ´ ^¦b � c�� ú × y ^�b � rÃbdc:9 × y;3

� g�B�B)DFE I'L6�Sg�B)R�L6@�RSI'@�� B]I'RS@F�6gF�ªOVH$OVB=B'DFE*B'g�H)@FR�@F�°GfL6RS@dB<&dRS@FI�B)EWO>�¾Z6Y E p�gFI�B]�SL.L>��NmL>H]I'L6��g�B)RSL6@FIR�@�B)DFE�n�RSKJR�@FR®B²��L6N=b � O>@F��gFI'E!B)DFE:I'E�B)LMpMOVB)K
D�PfE:B²Y E:EJ@�B)DFE�I'L6�Sg�B)R�L6@�PaEJ��L0YÄO>@F��B)DFE!�FEJKJO0�.R�@F�I'L6�Sg�B)R�L6@FIl^���RS�oE�B)DFL6I'E�K:L6@FI'R��FE:H'EJ�ÎGFH)E:n�RSL6gFI'�S�Fc�OVPfL0noE>¡=?A@ÎB)DFE�n.R�KJRS@FRSB²��L6NfB)DFE�B)g�H)@FRS@F� GfL6R�@oBWZdB)DFEEJk�g�OVB)R�L6@���L.L>�.I�OVGFGFH)L0��R�pÎOVB'EJ�S�Î�SRS�oE
� y� b y
Ú�= � Ü ´ ^¦b � c��¿^�blrÃb � c Ú

� DFEÏI'L6�Sg�B)R�L6@FI§B)L�B'DFR�I�OVH'ECý°R®H'�¸NmgF@FK:B)RSL6@FI�Y�DFRSK
DOVH)ECY�EJ���?>µPfE:D�O0noEJ��OVB�B)DFE|B)g�H)@FRS@F��GfL6RS@dBJZPfE:KJL6pME%I'R�@dgFI'L6R���O>�«NmL>H�b û b � O>@F���FE:KWO0��E��.GfL6@FEJ@oB)RªO>�S�S�QNmL>H�b@��b ��A
Ú �'B¥ý°R/C�� Ü«´q^¦b � c�� ú × 9ED blrÃb �,F%G

� DFE!O>I��.p³GFB)L>B)RSK°NmL>H)p L6N«B)DFR�IwR�I
Ú Ó BIH7J ú × y � Ü«´q^�b � cJ^LK � rMKoc J ú ×)( KJL6I v H Û r à" � Ü�´µ^�b � cN� ú × y ^�b � rÃboc 9 × y��

Û



»|OVB)K
DFR�@F�³B'DFEJI'E��6R®noEJI�gFI�OTI�EJKJL6@F��KJL6@F�FR®B)R�L6@

 � { � Ö21� Ü ú × y � H Û ^ Û c

O L6p�P�RS@FR�@F��EJk.g�OVB'R�L6@FI ^ " c*O>@F�À^ Û c��6RSnoEJIwO>@�R�pTG���R�K:RSB*E��.GFH)EJI'I'RSL6@�NmL>H°t
B
O>@«^ H Û r � Ö21� Ü ú × y c]� ß* Ü�^½�oc ^LP6c

?e¡ E>¡SZ��6R®noEJ@ Þ O>@F��O��6gFEJI�I�L6N�t<ZwY�E¥�.@FL2YùÜ O>@F��DFEJ@FK:ECb � ¡Q5¢nVO>��g�OVB)RS@F�ÀB)DFECRS@dB'EJ�>H
O>�°O>@F�I'g�P�I�B'RSB)g�B)RS@F�MR�@Ã^RP6c��6RSnoEJI�gFI�O�B)EJI�B�NmgF@FK:B)RSL6@�&�Y�E�KWO>@�nVOVH'�QtlgF@dB'R��±RSBS� Iw¤:E:H)LF¡� DFE�NmL6�S��L0Y�RS@F�w¼��6g�H)E¢I'DFL2YwI�B)DFE$�FR�TaE:H)EJ@FK:E�PfE:B²Y E:EJ@!B)DFE��4¡ D¾¡ IJ¡2O>@F��HW¡ D¾¡ IJ¡0L6N¾^RP6c±O>I=t:ü<� Ø ë Ø ëÙê ënVOVH)R�EJI%NmL>H[OQ�6R®noEJ@ Þ Ô ¨ �Mü � � } O>@F� ø ü<� ì ëê ë � �VU } ÂÀE�KWO>@CB'DFEJ@ÏI'EJOVH)K
DÃR�@¥B)DFE�n�R�K:R�@FRSB'R�EJIlL6NB)DFE[¤JE:H)L6I*B)LT¼�@F��B)DFE�I�GaEJEJ�FIJ¡

-4

-2

0

2

4

-0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0

c

LHS - RHS

»¥R�I�pÎOVB)K
DTRS@�^RP6c�n.IJ¡]t�I'KWO>�SEJ�³Pd� B)DFEwK
D�OVH
O>K�B)E:H)RSI�B)R�K���L6I�I�P���Y*OWnoE*I�GfEJE:�³�«� y Ô y¨ ü � y ¡� DFE�EJRS�6EJ@on>O>�SgFEJI�OVH)E%Y�DFE�H)E!t�nVO>��gFEJIwNmL>HwYwDFR�K
D�B)DFE[NmgF@FK:B)RSL6@�R�I�¤JE:H)LF¡
P



Y

� DFE�@FEe��B¥¼��6g�H)E�KJL6p³G8OVH)EJI�B'DFE�I�GaEJEJ�FI|NªH)L6p B)DFEÀÂ	��� O>@�O>�®��I'RSI¥O>@F�ÁNªH)L6p O¸�FRSH)E:K:B I'DFL�L>B)R�@F��>µpME:B)DFL���I�L6��g�B)RSL6@uB'L�^ } c�O>@F��^½à6c�¡ � DFEÎÂ�����O>@�O>�S��I�R�IQ^�B'H)O>�FR�@F�¥LET¸@�gFp³E:H)R�KJO>��NmL>HO>@�O>�S��B)R�KJO>�¾KJL6p³G���Ee�FRSB²�XW¿c�Y L>H'�.I�noE:H��QY�EJ���4¡ 
Trapped modes 

0.0001 

0.001 

0.01 

0.1 

1 

10 

0.01 0.1 1 10 

-c
 

k

Z°gFpME�H)R�KWO>��^�I'L6��RS�8c§O>@F�sÂ	��� ^�PaL0��EJI
cÎEJI�B)RSpÎOVB)EJI§L6N%G�D�O>I'EÏI�GaEJEJ�FI�NmL>H�¼FH)IUB�B)D�H'EJEpML��FEJI�^�B)DFE%�>H
O0noE:I�B�PaEJR�@F��B)DFE�L6@FElY�DFRSK
D�GFH)L>G8O>�oOVB)EJIwpML6I�B*H
OVG�RS�F�S��ce¡ 

[




]

]

-3 

� DFEÎ�ªO>I�B�¼��6g�H)EÎI'DFL0Y�I B)DFEM¼FH)IUB!B)D�H)EJEÎp³L.�FEJI!NªH'L6p B)DFEÎ@dgFpME:H)RSKWO>��I'L6�Sg�B)R�L6@ÀNmL>H B'DFEMG8O\>H
O>pME�B)E:H)IwOVPfL0noE>¡ 
Modes 

0 

5 

10 

15 

20 

z/
H

s 

c=-0.7252 
-0.279888 

-0.0867644 

-2 -1 0 1 2 3 4


Psi


»¥L.��O>�aI�B'H)gFK:B'g�H)E Ú ^�bdc$NmL>H�B'DFEl¼FH'I�B*B)D�H)EJElpML��FEJI*OVB Þ Ô ¨ �Îü � � } O>@F� ü<� ê ëì ë ���VU }ø 
Modes 

0 

5 

10 

15 

20 

z/
H

s 

c=-0.7252 
-0.279888 

-0.0867644 

-15 -10 -5 0 5 10 15 20


phi


»¥L.��O>�±I�B�H)gFK:B)g�H)E ¬ ̂�bdc]� Ú ^�bdc�E��.G«^�bdü6àVÔ ¨ c 

^ 


