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6.642 — Continuum Electromechanics Fall 2008 

Final Exam - Solutions 2008 

Prof. Markus Zahn MIT OpenCourseWare 

Problem 1 

A 

Figure 1: Two superposed fluids surround and wet a cylindrical rod of radius R. 

Two superposed fluids surround and wet a cylindrical rod of radius R. The interfacial surface tension is 
γ and fluid/rod contact angle is θ. The lower fluid has mass density ρb and the upper fluid has mass density 
ρa where ρb > ρa. The vertical displacement of the fluid interface ξ(r) is a function of the radial position 
r rising to a height h at the rod surface at r = R. Thus the fluid/rod interface at r = R has the interface 
height h and contact angle relationships 

dξ
ξ (r = R) = h, = − cot (θ)dr 

r=R 
We assume that there is no variation with the angle φ and that the maximum interfacial displayment h is 
small enough that a linear analysis for ξ (r) can be assumed. Gravity is g = −giz. 

Question: Far from the cylinder (r >> R) the fluid interface is at z = 0. For r = what is ∞
the difference in pressures just below and just above the interface, 
ΔP (r = ∞, z = 0) = Pb (r = ∞, z = 0−) − Pa (r = ∞, z = 0+)? 

Solution: 
Interfacial Force Balance at r = ∞, z = 0:

Pb (r = ∞, z = 0−) = Pa (r = ∞, z = 0+)

ΔP (r = ∞, z = 0) = Pb (r = ∞, z = 0−) − Pa (r = ∞, z = 0+) = 0
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B 

Question: Defining the function F (r, z) = z − ξ (r), the interface between the two fluids is lo
cated where F (r, z) = 0. To linear terms in ξ (r) what is the unit interfacial normal n? 

Solution: 
F (r, z) = z − ξ (r) 

∂F 1 ∂F ∂F 
ir + iφ + iz 

n = �F �
�

� 
= 

�

∂r 
2 

r ∂φ 
�2 

∂z 
�2
�1/2 = iz − ∂

∂
r
ξ
ir|�F |

F (r,z)=0 
��

∂F 
� 

1 ∂F 
� 

∂F 
+ + 

∂r r ∂φ ∂z 

Question: The surface tension force per unit area is given by Ts = −γ (� n)n. What is Ts?• 

Solution: 

Ts = −γ (� n)n = −γ 1 
r 

∂ (
∂

rn
r 

r) + 1 
r 

∂

∂

n
φ 
φ + ∂∂

n
z 
z n• 

∂ξ −∂r� , n
∂

φ 

(r 

= 
∂ξ 

0, 
� n� 

z = 1nr = 

∂ξ T s = +γ r 
1 

∂r 
∂r ) iz − ∂r ir 

� 

D 

Question: Using Bernoulli’s law and interfacial force balance the governing linear equation for 
interfacial shape ξ (r) can be written in the form 

A (r) d2

dr
ξ(

2 
r) + B (r) dξ

dr 
(r) + C (r, ξ (r)) = 0 

What are A (r),B (r) and C (r)? 

Solution: 
Pb (r, z = ξ− (r)) + ρbgξ (r) = Pb (r = ∞, z = 0−) 
Pa (r, z = ξ+ (r)) + ρagξ (r) = Pa (r = ∞, z = 0+) 
Pb (r, z = ξ− (r)) − Pa (r = ξ+ (r)) − γ� n = 0• 

dξ 
d r 

γ dr −g (ρb − ρa) ξ (r) + = 0 
r dr 

d2ξ (r) 1 dξ (r) g (ρb − ρa) ξ (r) 

dr2 + 
r dr 

− 
γ 

= 0 

r 2
d2ξ (r)

+ r
dξ (r) g (ρb − ρa) 

r 2ξ (r) = 0 
dr2 dr 

− 
γ 

A (r) 
d2ξ (r)

+ B (r) 
dξ (r) g (ρb − ρa) 

r 2ξ (r) = 0 
dr2 dr 

− 
γ 

A (r) = r 2, B (r) = r, C (r, ξ (r)) = − g (ρb 

γ 

− ρa) 
r 2ξ (r) 
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E 

Question: Taking ξ (r = R) = h and ξ (r = ∞) = 0, solve for ξ (r). 

Solution: 

r=R 

) 

ξ (r) = C1I0 (αr) + C2K0 (αr) , α = 
g (ρb 

γ
− ρa) 

ξ (r = = 0 C1 = 0∞) ⇒
ξ (r = R) = C2K0 (αR) = h ⇒ C2 = 

K0 (
h
αR) 

g (ρb − ρa)
K0 r 

ξ (r) = h
K0 (αr)

= h �� 
γ 

K0 (αR) 
g (ρb − ρa)

K0 R 
γ 

F 

Question: How is h related to the contact angle θ? 

Solution: 

g (ρb − ρa)
K1 r 

g (ρb − ρa) γdξ 
= − cot θ = −h 

dr γ g (ρb − ρa)r=R 
K0 R 

γ 
� 

(ρ ρ−g b a

γ 
K0 R 

cot θh = 
g (ρb − ρa)

K1 
g (ρb − ρa)

R 
γ γ 
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Problem 2


Figure 2: Two superposed and perfectly electrically insulating fluids are contained between parallel plate 
walls at y = ±d carrying surface currents ±K0ix. 

Two superposed and perfectly electrically insulating fluids are contained between vertical plane walls 
at y = ±d. The fluid interface has surface tension γ and the identical wall contact angles at y = ±d are 
θ. The lower fluid is a ferrofluid with mass density ρb and magnetic permeability µ and the upper fluid is 
non-magnetic with mass density ρa and magnetic permeability µ0 with ρb > ρa. The vertical displacement 
of the fluid interface ξ (y) is a function of position y rising to a height h at y = ±d. Thus the fluid/wall 
interface at y = ±d has the interface height h and contact angle relationships 

ξ (y = d) = ξ (y = −d) = h 

dξ 

dy 

dξ 
= − = cot (θ)

dy y=d y=−d 

The vertical plane walls at y = ±d are perfectly conducting and carry oppositely directed surface currents 
K (y = d) = −K (y = −d) = K0ix 

We assume that there is no variation with the z coordinate and that the maximum interfacial displace
ment h is small enough that a linear analysis for ξ (y) can be assumed. Gravity is g = −gix. 

A 

Question: The magnetic field is assumed to be spatially uniform in both fluids given by 

H = 

⎧

⎨ 

⎩ 

Ha (upperfluid) 

Hb (lowerfluid) 
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What are Ha and Hb (magnitude and direction)? 

Solution: 
Ha = Hb = −K0iz 

B 

Question: Defining the function F (x, y) = x − ξ (y), the interface between the two fluids is 
located where F (x, y) = 0. To linear terms in ξ (y) what is the interfacial normal n? 

Solution: 
F (x, y) = x − ξ (y) 

∂ξ 
n = �F = ix − ∂y iy 

C 

Question: The surface tension force per unit area is given by T s = −γ (� n)n. What is T s?• 

Solution: 
∂2ξ ∂2ξ

T s = −γ (� • n)n = −γn −
∂y 2 

= γ
∂y 2

n 

D 

Question: Using Bernoulli’s law within each region find the difference in the pressures just

below and above the interface at any position ξ (y),

Δp (y) = Pb (ξ− (y)) − Pa (ξ+ (y))

in terms of given parameters and the pressures just below and just above the interface at y = 0

Δp (y = 0) = Pb (x = 0−, y = 0) − Pa (x = 0+, y = 0)

Note: It is not yet possible to find the pressure difference Δp (y = 0). You will be able to find

this in part(f).


Solution: 

Pb (y) + ρbgξ = Pb (x = 0−, y = 0) 
⇒ Δp (y) = Pb (y) − Pa (y) = Δp (y = 0) − g (ρb − ρa) ξ


Pa (y) + ρagξ = Pa (x = 0+, y = 0)


E 

Question: Using the result of part (D) and interfacial force balance including the magnetic 
surface force the governing linear equation for ξ (y) can be written in the form 

d2ξ (y) 

dy2 
− Aξ (y) = −B 

What are A and B? 

⎛ ⎞ 

⎟
Solution: 

⎜
Pb (y) − Pa (y)+γ

∂

∂

y 

2ξ 
⎠ ni + �Tijnj� = 02⎝

Δp(y) 

Take i = x ⇒ nx = 1, ny = − ∂ξ , nz = 0∂y
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0 
Tijnj Txxnx + Txyny Txznz ⎛ 

0 0 
⎞ 

µ µ
Txx = ⎝

�H
��2 H��

y 
2 − Hz 

2 ⎠ = K0
2; �Txxnx�

(µ0 − µ)
K0

2 

2 x − � −
2

= − 
2 

Txy = µHxHy = 0 
d2ξ 

+ 
µ − µ0

K0
2 = 0Δpy + γ 

dy2 2 
d2ξ (µ − µ0)

γ 
dy2 

− g (ρb − ρa) ξ + Δp (y = 0) + 
2 

K0
2 = 0 

d2ξ 
� � 

dy2 
− (ρb −

γ

ρa)
ξ + 

γ 

1
Δp (y = 0) + 

(µ −
2 

µ0)
K2 = 00 

g (ρb − ρa) 1 
� 

Δp (y = 0) + 
(µ − µ0)

K2 

� 

A = , B = 
γ γ 2 0 

d2ξ 
= 

dy2 
− Aξ −B 

F 

Question: Taking ξ (y = d) = ξ (y = −d) = h and that ξ (y = 0) = 0 solve for ξ (y) in terms of given 
parameters and Δp (y = 0). 

Solution: 
B 

ξ (y) = + C1 cosh
√

Ay + C2 sinh
√

Ay
A 

B 
ξ (y = d) = h = + C1 cosh

√
Ad + C2 sinh

√
Ad 

A 
B 

ξ (y = −d) = h = + C1 cosh
√

Ad − C2 sinh
√

Ad 
A 

Substract:

2C2 sinh

√
Ad = 0 C2 = 0
⇒

B

B


h = + C1 cosh
√

Ad C1 = 
h −

A 
A	

⇒
cosh

√
Ad


B


ξ (y) = 
B 

+ 
h −

A cosh
√

Ay
A cosh

√
Ad 

G 

Question: Solve for the pressure difference just below and just above the interface at y = 0, 
Δp (y = 0). 

Solution: 
B


B h −
A B �


ξ (y = 0) = 
A 

+ 
cosh

√
Ad 

= 0 ⇒ h = 
A 

1 − cosh
√

Ad 
� 

⎡ ⎤


Ah 1 ⎢
� 

µ − µ0 

� 

K2 ⎥

B = = 

1 − cosh
√

Ad γ 
⎣ 

2 0 + Pb (x = 0−, y = 0) − Pa (x = 0+, y = 0)⎦ 

Δp(y=0) 

Δp (y = 0) = Pb (x = 0−, y = 0) − Pa (x = 0+, y = 0) = 
µ − µ0 

K2 Ahγ − 
2 0 −

cosh
√

Ad − 1 
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H 

Question: How is h related to the contact angle θ? 

Solution: 
√

A 

� 
B
� 

+
��

µ −
�

µ�0 ����
+− (µ − µ0)��������

cosh
√

Ad − 1 
K2 

dξ � 

dy � y=d 

� 
� = cot θ = 

h −
A 

cosh
√

Ad 
sinh

√
Ad = 

√
A 

� 

h −
A 

B
� 

tanh
√

Ad 

B 

A 
= 

1 
� � 

γA 2 
Δp (y = 0) + 

(µ − µ0)
K0 

2 

1 
� 

K2 
0 Ahγ 

� � � 

= 
γA 2 2 0 

h 
= 

cosh
√

Ad − 1 

1 
cot θ = 

√
Ah 

� 

1 −
cosh

√
Ad − 1 

� 

tanh
√

Ad 
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Problem 3


Figure 3: A point charge Q is located at the center of a perfectly insulating liquid spherical drop surrounded 
by a perfectly conducting liquid of infinite extent. 

A point charge Q is located at the center of a perfectly insulating liquid spherical drop with mass den
sity ρ1 with dielectric permittivity �. This drop is surrounded by a perfectly conducting liquid of mass 
density ρ2 that extends to r = ∞. The point charge Q is fixed to r = 0 and cannot move from this po
sition. The fluid interface has surface tension γ. As the interface is radially perturbed by displacement 

ˆ j(ωt−mφ)ξ (θ, φ, t) = Re ξPn
m (cos θ) e all perturbation variables change as: 

Fluid velocity:v (r, θ, φ, t) = Re v̂r (r) ir + v̂θ (r) iθ + v̂φ (r) iφ 

� 
Pn

m (cos θ) ej(ωt−mφ)
� 

0 < r < ∞ (both regions) 

Pressure:p (r, θ, φ, t) = Re
�
p̂ (r)Pm (cos θ) ej(ωt−mφ)

� 
0 < r < ∞ (both regions) n 

Electric field:e (r, θ, φ, t) = Re
��

êr (r) ir + êθ (r) iθ + êφ (r) iφ 

� 
Pn

m (cos θ) ej(ωt−mφ)
� 

0 < r < R + ξ (inner droplet) 

ˆ j(wt−mφ)Electric potential:e = −�Φ, Φ (r, θ, φ, t) = Re Φ(r)Pm (cos θ) e 0 < r < R + ξ (inner droplet) n 

A position just inside the interface at r = (R + ξ)
− 

is labeled 1 and just outside the interface at r = (R + ξ)+ 

is labeled 2. 

A 

Question: What is the equilibrium electric potential Φ (r), and electric field E (r) = −�Φ within 
the inner droplet for 0 < r < R. 

Solution: 
Q Q

Φ (r) = , Er (r) = 0 < r < R 
4π�r 4π�r2 

B 

Question: What is the equilibrium jump in pressure across the spherical interface Δp (r = R) = 

8 
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p1 (r = R−) − p2 (r = R+)? 

2γ 
Solution: Equilibrium (ξ (r = R) = 0) :p1 − p2 −

R 
− Trr1 = 0 

E2 
θ −

⎞
0

⎛
0 �2 

1Q
E2 

φ
⎠ 2 ⎝Er 

2 − [Er (r = R)]Trr1 = = = 
4πR22 2 2� 

r=R 
�2

2γ 1 Q
Δp = =p1 − p2 

R 
+ 

2� 4πR2 

Question: What boundary condition must the total electric field satisfy at the r = R + ξ 
interface? Apply this boundary condition to determine the perturbation electric scalar po
tential complex amplitude Φ (ˆ r = R−) in terms of interfacial displacement complex amplitude ξ̂. 

Solution: 
× E (r = R + ξ) = 0 

1 ∂ξ 
n ⇒

∂ξ1 dEr
(r = R) + = 0ir −

R ∂θ 
iθ −

R sin θ ∂φ 
iφ × Er ξ + er1 ir + eθ1iθ + eφ1iφ ξ 

r=R 

dr r=R r=R 
1 ∂ξ Er (r = R) ∂ξ 

(r = R) 0iφ eθ1 + Er − iθ eφ1 + = 
R sin θ ∂φR ∂θ 

r=R 

R sin θ 

∂Φ� ∂Φ�1 1 
eθ =−�Φ� ⇒ − −e = = 

r=R 

∂θ R ∂θr r=R 

∂Φ� 1 ∂Φ�1 − = −eφ = 
r sin θ ∂φ ∂φ 

Qξ 
Φ� (r = R) −∂ 

4π�R21 ∂ξ Q 1 
0eθ1 + 

R ∂θ 4π�R2 
= −

R ∂θ 
= 

Φ� (r = R) = 
Qξ 

4π�R2 

Qξ 
Φ� (r = R) −∂ 

4π�R2Er (r = R) ∂ξ 1 
0eφ1 + = =−

R sin θ ∂φR sin θ ∂φ 

Φ� (r = R) = 
Qξ 

4π�R2


Qξ̂ 

Φ̂ (r = R) = 

4π�R2 

D 

Question: What are the perturbation pressure complex amplitudes p̂1 and p̂2 at both sides of 

the r = R + ξ interface in terms of interfacial displacement complex amplitude ξ̂. 

Solution: 
p̂1 = jωρ1 [Fn (0, R) ν̂r1 + Gn (R, 0) ν̂r (r = 0)] 

9 
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p̂2 = jωρ2 [Gn (R,∞) ν̂r (r = ∞) + Fn (∞, R) ν̂r2] 

ν̂r1 = ν̂r2 = jωξ̂� � �n+1
� 

y 1 � y�n 1 x 
+ 

x n x n + 1 y 
Fn [x, y] = � �n �� 

1 x 1 � y�n


y y 
−

x x


y 2n + 1 1 
Gn [x, y] = 

x n (n + 1) 
� 
1 
� 

x 
�n 

1 � y�n
�


y y 
−

x x

R R


Fn [0, R] = −
n

, Fn [∞, R] = 
n + 1 

Gn [R, 0] = 0, Gn [R,∞] = 0 (n =� 0, 1) 

p̂1 = jωρ1Fn (0, R) 
� 
jωξ̂

� 
= + 

ρ1ω
2R

ξ̂
n 

p̂2 = jωρ2Fn (∞, R) 
� 
jωξ̂

� 
= 

ρ2ω
2R

ξ̂−
n + 1 

E 

Question: What is the radial component of the perturbation interfacial stress complex ampli

tude T̂sr due to surface tension in terms of interfacial displacement complex amplitude ξ̂? 

Solution: 
γ 

T̂sr = −
R2 

(n − 1) (n + 2) ξ̂

F 

Question: What is the perturbation radial electric field complex amplitude êr (r = R−) in terms 

of ˆ R−)? Using the results of part (C) express ˆ (r R−) ξ.Φ (r = er = in terms of ˆ

Solution: 

n nQξ̂
êr1 = −

R 
Φ̂1 = −

4π�R3 

G 

Question: Find the dispersion relation. Is the spherical droplet stabilized or destabilized by 
the electric field from the point charge Q? 

Solution: 

p̂1 − p̂2 −
R

γ 
2 

(n − 1) (n + 2) ξ̂ − Trjnj = 0 

1 ∂ξ 1 ∂ξ 
Trjnj = Trrnr + Trθnθ + Trφnφ, nr = 1, nθ = −

R ∂θ
, nφ = −

R sin θ ∂φ 

10 
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� � 2 
� 

Trr|r=R+ξ = 2
(Er (r = R + ξ) + er (r = R)) − e 2 (r = R) − eφ 

2 (r = R) 
�� � �2

� 
� dEr � 

= Er (r = R) + � ξ + er (r = R)
2 dr � r=R 

Trr (r = R + ξ) = 
� 
� 

Er 
2 (r = R) + 2Er (r = R) 

� 
dEr 

�

�
� 

ξ + er (r = R) 

�� 

2 dr � r=R 

� 
dEr �

� � 

T � (r = R + ξ) = �Er (r = R) � ξ + er (r = R)rr dr � r=R 

Q 
� 

Q n 
� 

1 = ����
4π����R2 

−
2π�R3

ξ −
R 

Φ�


Q2 Q Q

= n ξ−

8π2�R5
ξ −

4πR3 4π�R2


Q2 � n�

= ξ 1 +−

8π2�R5 2 

1 ∂ξ 
Trθnθ|r=R+ξ = �Er (r = R + ξ) eθ (r = R) −

R ∂θ


= 0 (Second Order)


1 ∂ξ 
Trφnφ|r=R+ξ = �Er (r = R + ξ) eφ (r = R) −

R sin θ ∂φ


= 0 (Second Order)


γ Q2ξ̂ � n�

p̂1 − p̂2 − (n − 1) (n + 2) ξ̂ + 1 + = 0 

R2 8π2�R5 2 

ω2R 

� 
ρ1 ρ2 

� 
γ Q2 � n� 

n n + 1 R2 
(n − 1) (n + 2) −

8π2�R5 
1 + 

2 
+ = 

Electric field destabilizes interface. 

H 

Question: If (G) is stabilizing, what is the lowest oscillation frequency? If (G) is destabilizing, 
what is the lowest value of n that is unstable and what is the growth rate of the instability? 
What value of Q will only have one unstable mode? 

Solution: 
4γ Q2 

n = 1 First unstable mode. n = 2 and larger are stable if > (2) or Q2 < 16γR3π2� 
R2 8π2�R5 

|Q| < 4π
�
�γR3

�1/2 
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