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Continuum Electromechanics 
6.642 Mid-Term Exam 

November 5, 2008 

Formula sheets are located after page 4. 

1. (30 points) 
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A current sheet Re K e− jkz ]i is placed on the x = 0  surface of a material with infinite magnetic [ ˆ 0 y 

permeability  ( μ →∞ ) for x < 0 . Another infinite magnetic permeability material extends from 
d x< < ∞ . 
Free space with magnetic permeability μ0  extends over the region 0 < x < d . 
The magnetic field ( Hx ) – magnetic scalar potential ( χ ) relations for the planar layer below 

x 

for variables of the form 
χ ( , )  x z  = Re[ χ̂ (  )  − jkz ]x e  

are 
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where H (  x,  z) = −∇χ (x, z) = Re[(  Ĥ x ( )x i +  Ĥ ( )  x i )  e− jkzx z z ]
There is no magnetic field dependence on y. 

a) What are the boundary conditions on the magnetic field at the x = 0+ and x = d−  surfaces?  
What are the values of the magnetic scalar potential χ̂ (x = 0+ ) and χ̂ (x = d− ) ? 

b) What are the complex amplitudes of the magnetic field ( ,  )z at x = 0+ and at x = d−H x ? 
c) What is the magnetic force per unit area (on a wave length 2 /π k ) F  on the infinite 

magnetic permeability layer that extends d x < ∞ ?< 

2. (35 points) 
z 
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,ρ σ →∞  
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00, P Pρ = = 

zg gi= −  

0V 
+ 
-

A perfectly conducting incompressible liquid (σ →∞)  with mass density ρ  partially fills the 
gap between parallel plate electrodes stressed by voltage V0 . The applied voltage lifts the fluid 
interface between the parallel plate electrodes by a height ξ  where ξ < s . The upper electrode in 
free space is at z s . When the applied voltage is zero the fluid interface is located at z = 0= . 
The region outside the liquid is free space with permittivity εo , mass density of zero ( ρ = 0 ), and 
atmospheric pressure Po . The gravitational acceleration is g = −giz  and surface tension effects 
are negligible. 

a) What is the electric field for ξ < < =z s between the upper electrode at z s and the perfectly 
conducting fluid interface at z = ξ ? 

b) What is the fluid pressure p(ξ− )  just below the interface at z = ξ− ? 
c) Find an expression that relates liquid rise ξ (ξ < s) to voltage V0  and other given parameters. 

d) At what voltage is ξ = 
s ? 
2 
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3. (35 points) θ 

y 

φ 

R 

x 

ρ 

v V = 0[ cos  θ − i sin  = i V i θ ]0 z r θ 

An inviscid incompressible liquid with mass density ρ  has uniform irrotational flow ( v 0)  .∇× =  
The flow at r = ∞  is uniform and z directed 

v V = 0[ cos  θ − i sin  = i V i θ ]0 z r θ 

The flow is incident on a solid sphere of radius R . The inviscid liquid can flow along the sphere 
so that ( = ) ≠ 0 but cannot penetrate the surface so that v r R ) = 0 . Because thev r R ( = θ + r + 

irrotational flow has ∇×v = 0 , a velocity scalar potential Φ  can be defined, v = −∇Φ . Because 
the fluid is also incompressible, iv 0 >∇ = , the velocity scalar potential for r R obeys Laplace’s 

2equation, ∇ Φ = 0 Φ( ,  )θwhere r  does not depend on angle φ . The flow does not vary with 
time and gravity effects are negligible. 

a) What are the boundary conditions on the velocity scalar potential at r R= + and at r = ∞ ? 

b) Solve for the velocity scalar potential Φ( ,r θ ) . 

c) Solve for the velocity field ( ,  )θ  for r R .
v r > 

d) What is the magnitude of the velocity ( ,  )v r θ  ? 
e) If the pressure at r R+ and θ = 0 is P0 , what is the pressure at r R+ , θ = π / 2 ?= = 

f) What is the equation for the velocity streamlines? 

cos dθHint: ∫ sin θ
= ln(sin θ ) + constant 

R3


1+ 3 3


∫ 2 
R
r 

3 dr = 
1
2

ln[ r 2 (1 − R
r3 )] + constant 


r(1− 3 )

r 
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g) For the velocity streamline that passes through the point x = 0 , y = y0 , z = 0 equivalent to 
π π r y0 , θ = , φ = , for what value of y  does the streamline pass through when x = 0= 
2 2 

πand z = −∞ , equivalent to r = ∞ , θ = π , φ = ?  Find y when y = R and when y = 2R . 
2 0 0

Hint: y r sinθ sin φ= 

Page 4 of 9 



Page 5 of 9 




Page 6 of 9 




Courtesy of MIT Press.  Used with permission. 
Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press, 
1981. ISBN: 9780262131650. 
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Courtesy of MIT Press.  Used with permission. 
Appendix A in Melcher, James R. Continuum Electromechanics. Cambridge, MA: MIT Press, 
1981. ISBN: 9780262131650. 

Page 8 of 9 




Page 9 of 9 




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


