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6.642, Continuum Electromechanics 
Prof. Markus Zahn 

Lecture 4: Continuum Electromechanics (Melcher) – Sections 2.18-2.19 
 

 
I. Section (2.18) Solenoidal Fields 

 
 

A. Vector Potential 
 

  B = 0    B = × A∇ ⇒ ∇i  
 

( )
S S C

= B  n da = ×A   n da = A  dl Φ ∇∫ ∫ ∫i i i  

 

( )
( ) 2

B
×H =  × = J    × ×A = J

  A - A = J

∇ ∇ ⇒ ∇ ∇ μ
μ

                                   ∇ ∇ ∇ μi
 

 
Setting Gauge: 2  A = 0    A = - J∇ ⇒ ∇i μ  (Vector Poisson’s Equation) 
 
 

B. Uniqueness 
0 

( )( ) ( )× f∇ ∇  A A + f    B = × A + f = × A +→ ∇ ⇒ ∇ ∇ ∇

 
C = A + a  
 

( )× C = × A + a = × A + × a∇ ∇ ∇ ∇  

 
For uniqueness: × a = 0 so that C = A∇  
 
a = f∇  
 

( )( ) 2  C =   A + a =   A      a = 0    f = 0∇ ∇ ∇ ⇒ ∇ ⇒ ∇i i i i  

 
2

V

dV
= -     =

4 r - r '

ρ ρ
∇ Φ ⇒ Φ

πε ε∫  

 
2f = 0    f = 0    C = A∇ ⇒ ⇒  

 
 

C. Vector Poisson’s Equation Solutions 
 

( ) ( )2

V

J r ' dV
A = - J A r =

4 r - r '

μ
∇ μ ⇒

π ∫  
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      Courtesy of MIT Press. Used with permission. 
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D. Magnetic Field Lines in 2 Dimensional Geometries 
 

1. 2-D Cartesian 
 

( ) z
A = A x, y i

−
 

 

x y

A A
B = × A = i  - i  

y x

− −∂ ∂
∇

∂ ∂
 

 

( )y

x

A
-Bdy A Ax= = dx + dy = dA = 0 A x, y = constant

Adx B x y
y

∂
∂ ∂∂ ⇒ ⇒

∂ ∂ ∂
∂

 

 
2. Polar 

 

( ) zA = A r, i
−

θ  

 

r

1 A A
B = × A = i   - i  

r θ r

− −

θ

∂ ∂
∇

∂ ∂
 

 

( )r

θ

1 A
 B dr A Ar θ= = dr + dθ = dA = 0 A r, = constant

AB rdθ r θ-
r

∂
∂ ∂∂ ⇒ ⇒ θ

∂ ∂ ∂
∂

 

3. Axisymmetric Cylindrical 
 

( )r, z
A =  i

r

−

θ

Λ  

 

r z

1 1
B = × A = -   i +   i

r z r r

− −∂Λ ∂Λ
∇

∂ ∂
 

 

( )

z

r

1
 Bdz r r= =     dr + dz = d = 0

1dr B r z-  
r z

                                          r, z = constant

∂Λ
∂Λ ∂Λ∂ ⇒ Λ

∂Λ ∂ ∂
∂

Λ

 

 
4. Axisymmetric Spherical 

 
( )r, θ

A =  i
r sin θ

−

φ

Λ  

 

r

1 1
B = A    i -  i

r sin θ r θ r

− −

θ

∂Λ ∂Λ⎡ ⎤∇ × = ⎢ ⎥∂ ∂⎣ ⎦
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( )

r

θ

1
 Bdr r θ= =     dr + dθ = d = 0

rdθ B r θ- 
r

                                          r, = constant

∂Λ
∂Λ ∂Λ∂ ⇒ Λ

∂Λ ∂ ∂
∂

Λ θ

 

 
 

E. Electric Field Lines in Volume Charge Free Regions 
 

  E = 0    E = × A∇ ⇒ ∇i  
 
 

II. Vector Potential Transfer Relations with J =0 (Section 2.19) 
 

2 A = 0∇  [Vector Laplace’s Equation] 
 

A. Cartesian Coordinates 2 2 2 2
x y zx yA = A i + A i + A i

− −

z

−⎡ ⎤∇ ∇ ∇ ∇⎢ ⎥⎣ ⎦
 

 

( ) -jky
zA = i Re A x e

−
⎡ ⎤
⎣ ⎦  

 

( ) ( )A sinh kx - A sinh k x -
A x =

sinh k

α β
Δ

Δ
 

 

( )
y

A cosh kx - A cosh k x -1 A k
H = - = -

x sinh k

α β⎡ ⎤Δ∂ ⎢ ⎥
⎢ ⎥μ ∂ μ Δ
⎣ ⎦

 

 

y

y

1
-coth k      H Ak sinh k=

1H A-      coth k
sinh k

α α

β β

⎡ ⎤⎡ ⎤ Δ ⎡ ⎤⎢ ⎥Δ⎢ ⎥ ⎢ ⎥⎢ ⎥⎢ ⎥ μ ⎢ ⎥⎢ ⎥ ⎣ ⎦Δ⎢ ⎥⎣ ⎦ ⎢ ⎥Δ⎣ ⎦

 

 
 

xz
x x

x

B AA
B =     B = -jkA    = -jk

y AB

α α

ββ

⎡ ⎤ ⎡ ⎤∂ ⎢ ⎥ ⎢ ⎥⇒ ⇒
⎢ ⎥∂ ⎢ ⎥⎣ ⎦⎣ ⎦
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Courtesy of MIT Press. Used with permission. 
 

B. Polar Coordinates 
 

( ) ( )( )2 2 2
z

A A r, i 0 A r,
−⎛ ⎞

∇ = ∇ θ = ⇒ ∇ θ =⎜ ⎟
⎝ ⎠

0  

 
( ) ( ) -jmθA r,θ = Re A r e⎡ ⎤

⎣ ⎦  

 

( )

mm m

mm

r r
A - + A -

r r
A r =

-

α β⎡ ⎤ m⎡ ⎤⎛ ⎞β α⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎢ ⎥ ⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟β α⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦
⎡ ⎤⎛ ⎞β α⎛ ⎞⎢ ⎥⎜ ⎟⎜ ⎟α β⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
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θ

1 A
H = -

r
∂

μ ∂
 

 

r r

1 A -jm
H =     H = A

r θ r
∂

⇒
μ ∂ μ

 

 
 

C. Axisymmetric Cylindrical 
 

( )2 2 2 θ
θ 2

A
A = A r, z i = 0    A - = 0

r

−

θ
⎛ ⎞∇ ∇ ⇒ ∇⎜ ⎟
⎝ ⎠

 

 
 

( ) ( )
2 2

2 θ θr
θ r2 2 2 2 2

A AA1 1 2 2
A r, θ, z i = rA + + + i i

r r r θ θr θ r z r

− − −
θ

θ θ

⎡ ⎤∂ ∂∂∂ ∂⎡ ⎤⎛ ⎞∇ −⎢ ⎥⎜ ⎟ ⎢ ⎥∂ ∂ ∂ ∂∂ ∂⎝ ⎠ ⎣ ⎦⎣ ⎦

A∂   

(Vector Laplacian) 
 
 

2 2
2

2 2 2

1 1
= r + +

r r r r θ z
∂ ∂Φ ∂ Φ ∂ Φ⎛ ⎞∇ Φ ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 (Scalar Laplacian) 

 
 

( ) ( ) -jkzA r, z = Re A r, t e⎡ ⎤
⎣ ⎦  

 
 

( ) ( )⎛ ⎞ ⇒⎜ ⎟∂ ⎝ ⎠

2
2

1 1 2 12 2

d A 1 dA 1
+ - k + A = 0 A = B I kr + B K k

r rdr r
r  

( ) ( )1 1 2 1= C J j kr + C H jkr  

 

( ) ( ) ( )-j mθ+kz2 = 0;  r, θ, z, t Re r, t e⎡ ⎤∇ Φ Φ = Φ⎣ ⎦
 

 

( ) ( )
2 2

2
1 m 2 m2 2

d 1 d m
+ - k + = 0    = A I kr + A K k

r drdr r

⎛ ⎞Φ Φ
Φ ⇒ Φ⎜ ⎟

⎝ ⎠
r  

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( )

1 1 1 1 1 1 1 1

1 1 1 1

A H jk J jkr J jk H jkr A J jk H jkr H jk J jkr
A

J jk H jk H jk J jk

α β
⎡ ⎤ ⎡β − β + α − α⎣ ⎦ ⎣

=
⎡ ⎤α β − α β⎣ ⎦

⎤⎦
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