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6.642, Continuum Electromechanics, Fall 2004 
Prof. Markus Zahn 

Lecture 6: Stress Tensors   
 

 
I. Maxwell Stress Tensor 

 
A. Notation 

 

x xx xy xzx yx xF =   , = T i + T i + T i z

− − −

∇ τ      τi  

 

y yx yy yzx yy yF =   , = T i + T i + T i z

− − −

∇ τ      τi  

 

z zx zy zzx yz zF =   , = T i + T i + T i z

− − −

∇ τ      τi  

 

xx xy xz

yx yy yz

zx zy zz

T   T   T

T T   T   T

T   T   T

⎡ ⎤
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

,   F= T∇i  

 

x x xx x xy y xz zx x
V V S S

f = F dV =   dV=    n da =  T n + T n + T n dSτ  τ ⎡ ⎤∇ ⎢ ⎥⎣ ⎦∫ ∫ ∫ ∫i i  

 

xx x xy y xz z xn nx
  n T n + T n + T n = T nτ =i  

 

yx x yy y yz z yn ny   n T n + T n + T n = T nτ =i  

 

zx x zy y zz z zn nz
  n T n + T n + T n = T nτ =i  

 

i ii i
V S S V

f =   dV=    n dV = T n dS = FdVτ  τ∇∫ ∫ ∫ ∫i i j j i
 

 

ix iy izi iF =   = T + T + T
x y z
∂ ∂ ∂

∇ τ  
∂ ∂ ∂

i  

 
ij

j

T
=

x

∂

∂
 

 
 

B. EQS Stress Tensor 
 
 

f

1 1
F = E - E  E + E  E

2 2
⎛ ⎞∂

ρ ∇ ∇ ⎜ ⎟∂ρ⎝ ⎠
ρ

εεi i  

 

( ) ( )1 1
=   E E - E  E + E  E

2 2
⎛ ⎞∂

∇ ∇ ∇ ⎜ ⎟∂ρ⎝ ⎠
ρ

εε εi i i  
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( )j
i i K K K K

j i i

E 1 1
F = E - E E + E E

x 2 x x 2

∂ ⎛ ⎞∂ ∂ ∂
ρ⎜ ⎟∂ ∂ ∂ ⎝ ⎠

ε
∂ρ

ε ε  

 
ji

j i

EE
×E = 0 =

x x

∂∂
∇ ⇒

∂ ∂
 

 

( ) i
i j i j K K K K

j j i i

E 1 1
F = E E - E - E E + E E

x x 2 x x 2
∂ ⎛ ⎞∂ ∂ ∂ ∂

ρ⎜ ⎟∂ ∂ ∂ ∂ ⎝ ⎠∂ρ
ε εε ε  

 

( ) j
i i j j K K K K

j i i i

E 1 1
F = EE - E - E E + E E

x x 2 x x 2

∂ ⎛ ⎞∂ ∂ ∂ ∂ε
ρ⎜ ⎟∂ ∂ ∂ ∂ ∂ρ⎝ ⎠

εε ε  

 

j j

i

1
E E

2
x

⎛ ⎞∂ ⎜ ⎟
⎝ ⎠

∂
ε  

 

( )i i j K K
j i

1 1
F = EE - E E - E E

x x 2 2 K K

⎡ ⎤∂ ∂ ∂
ρ⎢ ⎥∂ ∂ ∂ρ⎣ ⎦

εε ε  

 

ij
j i

=
x x
∂ ∂

δ
∂ ∂

 

 

ij

0     i j
=     Kronecker D

1     i = j
≠⎧

δ ⎨
⎩

elta  

 
ij

i i j ij K K
j j

T1
F = EE - E E - =

x 2 x

∂⎡ ⎤⎛ ⎞∂ ∂
δ ρ⎢ ⎥⎜ ⎟∂ ∂⎝ ⎠⎣ ⎦

εε ε
ρ ∂

 

 

ij i j ij K K

1
T = EE - E E -

2
⎛ ⎞∂

δ ρ⎜ ⎟∂ρ⎝ ⎠

εε ε  

 
 

C. MQS Stress Tensor 
 

1 1
F = J×B - H  H H  H

2 2
⎛ ⎞∂μ

∇μ + ∇  ρ⎜ ⎟∂ρ⎝ ⎠
i i  

 

( ) ( ) 1 1
= ×H × H - H  H + H  H

2 2
⎛ ⎞∂μ

∇ μ ∇μ ∇  ρ⎜ ⎟∂ρ⎝ ⎠
i i  

 

( ) ( ) ( )1
×H ×H = H  H - H  H

2
∇ ∇ ∇i i  

 

( ) ( )1 1 1
F = H  H - H  H - H  H H  H

2 2 2
⎛ ⎞∂μ⎡ ⎤μ ∇ ∇ ∇μ + ∇  ρ⎜ ⎟⎢ ⎥ ∂ρ⎣ ⎦ ⎝ ⎠

i i i

 

i  
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( )i j i K K K K K K
i ix x 2∂ ∂ ∂ρ⎝ ⎠j i

1 1 1
F = H H - H H - H H  H H

x 2 x 2

⎡ ⎤ ⎛ ⎞∂ ∂ ∂μ ∂ ∂μ
μ + ρ⎢ ⎥ ⎜ ⎟∂ ∂⎢ ⎥⎣ ⎦

 

 

( ) ( )i j i j K K K K K K
j j i i i

1 1
= HH H H - H H - H H + H H

x x 2 x 2 x x 2
⎛ ⎞∂ ∂ μ ∂ ∂μ ∂ ∂μ

μ − μ ρ⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ρ⎝ ⎠
 

 

  B = 0∇ i     
K K

i

1
H H

x 2
∂ ⎛ ⎞− μ⎜ ⎟∂ ⎝ ⎠

 

 

( )i i j K K K
j i

1
F = HH - H H - H H

x x 2
⎛ ⎞∂ ∂ ∂μ

μ μ ρ⎜ ⎟∂ ∂ ∂ρ⎝ ⎠
K

 

 

( ) ij
i j ij K K

j j

T1
= HH - H H - =

x 2 x

∂⎛ ⎞∂ ∂
μ δ μ ρ⎜ ⎟

μ
∂ ∂ρ ∂⎝ ⎠

 

 

ij i j ij K K

1
T = HH - H H -

2
⎛ ⎞∂μ

μ δ μ ρ⎜ ⎟∂ρ⎝ ⎠
 

 
II. Air-Gap Magnetic Machine 

 
 
 
 
 
 
 

 
 
 

 
 
 
 
 

 
 
 

Courtesy of MIT Press. Used with permission. 
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A. Generalized Description 
 

 
 

          0
 

 
force on a wavelength 

 

( ) jkza z Re A e−⎡ ⎤
= ⎢ ⎥

⎣ ⎦

∼
 

 

( ) jkzb z Re Be−⎡ ⎤
= ⎢ ⎥

⎣ ⎦

∼
 

 

( ) ( )
2 k

* *

0

k 1 1
a z b z dz = Re AB = Re A B

2 2 2

π
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣π ∫ ⎦

 

 
r r *

z 0 z x

w
f = Re H H

k
π ⎡ ⎤μ ⎢ ⎥⎣ ⎦

 

 
r *0

r x

w
= Re -K H

k
π μ ⎡ ⎤

⎢ ⎥⎣ ⎦
 

 
 

s

sx
0r

rx

1
-coth kd       B sinh kd= k  

1B -        coth kd
sinh kd

⎡ ⎤
⎡ ⎤ ⎡ ⎤χ⎢ ⎥
⎢ ⎥ ⎢ ⎥μ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ χ⎣ ⎦⎣ ⎦ ⎢ ⎥⎣ ⎦
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χ ⇒ χ

χ

ss s

z z

rr r
z

1 Κ
Η = +jk = H =

jk jk

K1
                  = H = -

jk jk

 

 
 

s
r r

0 0xH = k - + coth kd
sinh kd

⎡ ⎤χ⎢ ⎥μ μ χ
⎢ ⎥⎣ ⎦

 

 
⎡ ⎤

μ ⎢ ⎥
⎢ ⎥⎣ ⎦

s r

0

Κ Κ
= k - - coth kd

jk sinh kd jk
 

 
 

⎡ ⎤⎛ ⎞μ⎡ ⎤ ⎢ ⎥⎜ ⎟μ⎢ ⎥ ⎢ ⎥⎜ ⎟⎣ ⎦
⎝ ⎠⎣ ⎦

*
* r *

0 r s
0r x r r

K Kj k
Re -K H = -Re + +K K coth kd

k sinh kd
 

 
⎡ ⎤μ⎢ ⎥⎣ ⎦

*

0 r s= Re - jK K sinh kd  

 
 

*0
z r s

w
f = - Re jK Κ

k sinh kd
μπ ⎡ ⎤

⎢ ⎥⎣ ⎦
 (force on each wavelength) 

 
B. Synchronous Interaction 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Courtesy of MIT Press. Used with permission. 
( )ω⎡ ⎤ω⎡ ⎤⎣ ⎦ ⎣ ⎦

sj t-kzs s
s 0 s 0K = K  sin t - kz = Re -jK e  

 
( )⎡ ⎤ω δ⎣ ⎦

r
r 0 rK = K  sin t - k z' - ;    z' = z - Ut  
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( ) ( )r
0 r= K  sin +kU t - k z -⎡ ⎤ω δ⎣ ⎦  

 
( )rj +kU tr j

0= Re -jK  e eω kδ⎡ ⎤
⎣ ⎦  

 
ωsj ts

s 0Κ = -jK  e  
 

( )ωδ rj +kU tr jk
r 0Κ = -jK e e  

 

( ) ( ) ( )rs -j +kU tj ts r -jk0
z 0 0

w
f = - Re j -jK e jK e e

k sinh kd
ωω δμπ ⎡ ⎤

⎣ ⎦  

 
( )s rj - -kU ts r -jk0

0 0

w
= - K K Re je e

k sinh kd
ω ωδμπ ⎡ ⎤

⎣ ⎦  

 
For time average force 
 
 

s r = +kU⇒ ω ω  (synchronous condition) 
 
 
Usually  r s= 0    = kUω ⇒ ω

 
s r0

z 0

w
f = - K K sin k

k sinh kd
μπ

0 δ  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Courtesy of MIT Press. Used with permission. 
III. Electrostatic Machine 
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2 k 2 k

z zx 0 z xx=0 x=0
0 0

2 2 w
f = w T dz = E E dz

k k

π ππ π ε∫ ∫  

 
r

rzE = jkV  

 

( )

r * r

z 0 z x

* r
r0 x

1 2 w
f = Re E E

2 k

w
   = Re -jkV E

k

π ⎡ ⎤
⎢ ⎥⎣ ⎦

π ⎡ ⎤
⎢ ⎥⎣ ⎦

ε

ε

 

 
ss

x

0r
x

r

1 V-coth kd       D sinh kd= k  
1D -        coth kd Vsinh kd

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥ ⎣ ⎦⎣ ⎦

ε  

 
r s

0 0x r

-V
E = k + V coth kd

sinh kd

⎡ ⎤
⎢ ⎥
⎢ ⎥⎣ ⎦

ε ε  

 
* r *2 s

0 0r x r r

-V
Re -jk V E = Re -jk V + V coth kd

sinh kd

⎡ ⎤⎛ ⎞⎡ ⎤ ⎢ ⎥⎜ ⎟⎢ ⎥ ⎜ ⎟⎣ ⎦ ⎢ ⎥⎝ ⎠⎣ ⎦
ε ε  

 
*2

0 s r= Re +jk V V sinh kd⎡ ⎤
⎢ ⎥⎣ ⎦

ε  
2

*0
z s r

kw
f = Re jV V

k sinh kd
π ⎡ ⎤

⎢ ⎥⎣ ⎦
ε  
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( )

( )( )
( )r

s

s
s 0 s

r
r 0 r

r j +kUr t jk
0

s js t
0

V = V cos t - kz

V = -V cos t - k z' - ; z' = z - Ut

V = -V e e

V = V e

ω δ

ω

ω

ω δ
 

 
( )s rj - -kU ts r -jk0

z 0 0

wk
f = Re -j V  V  e  e

sinh kd
ω ωδπ ⎡ ⎤

⎣ ⎦
ε  

 
s r= +kUω ω  

 
s r0

z 0 0

wk
f = - V  V sin k

sinh kd
π

δ
ε
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