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of them with its corresponding eigenfunction. Can you describe what is happening for E 
lesser than zero ? Do we still have eigenstates ? What happens when E is not an eigenvalue 
? Note that the applet starts its numerical integration from left to the right. 

7.	 In a parallel universe, the kinetic energy of a particle is p3/(3m). What would be the 
corresponding quantum mechanical operator ? 

8.	 Sketch the graph of the three lowest energy eigenfunctions of a particle in a 2-dimensional 
box. Show graphically and analytically that they are orthogonal (Use the method of 
separation of variables to write the ground-state wavefunction of this 2-dimensional problem 
using the 1-dimensional solutions). What are the three lowest-energy states ? 

THERMODYNAMICS 

9.	 Thermodynamic Variables. We have described two classes of thermodynamic variables: 
intensive (such as temperature and pressure) and extensive (such as volume). 

a.	 What class would the variable mass (let’s use the symbol M for mass) fall into-
intensive or extensive? 

Mass is an extensive variable: it depends linearly on the size of the system: if I double the number 
of moles of some material, I double the mass of that material. 

b.	 What about variables that are derived from other variables? Consider density: We 
define density as the mass of a material per unit volume: 

! 

" =
M

V

Can density be classified simply as an intensive or extensive variable? Explain your 
answer. (Hint: Look carefully at the definitions!) 

Density is a variable formed by the ratio of two other extensive variables. But is density extensive? 
Suppose I have system A with mass MA and volume VA, and I combine it with system B with mass 
MB and volume VB. Then the density of the composite system is, by definition: 

Comparing this result to a linear addition 

! 

"
A

+ "
B

=
M

A

V
A

+
M

B

V
B

of the densities of A and B: 

Density is neither explicitly intensive nor extensive- the density of a composite system is the 
weighted average of the densities of the individual subsystems. 

10. Thinking about systems and boundaries. Read the descriptions below of some 
thermodynamic systems (any macroscopic material can by a thermodynamic system!) 
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undergoing various changes and identify the type of system (open, closed, etc.). Explain in 
one sentence for each case why your choice is appropriate- state your assumptions to 
defend your choice. 

(a)	 The system is a liter of hot coffee placed inside a high-quality, sealed thermos that 
has an evacuated space between an inner rigid cylinder where the liquid is placed and 
the outside walls of the container. 

Based on the given information, which is that the system (the coffee) is stored in a rigid, sealed 
volume that restricts heat transfer, we could state that this is approximately an isolated system. Of 
course, as with any real system, the isolation is not perfect… the coffee eventually gets cold as heat 
slowly escapes the container. 

(b) If the thermos described above had flexible rather than perfectly rigid walls, what kind 
of system would we have? 

If the walls of the container are flexible, then the volume of the system is not forced to be constant-
and a system that restricts heat transfer but can change volume (allowing work to be done on/by the 
system) is an adiabatic system. 

(c) The system is a puddle of water on the sidewalk. 

Because water molecules can evaporate or condense on the puddle, and the puddle could be 
heated or cooled depending on its surroundings, this is an open system. 

(d)You have a glass jar of strawberry jam and the metal screw-top lid is stuck (the jam is 
your system). You really want a peanut butter and jelly sandwich, so you place the jar 
under a stream of hot water to loosen the lid. 

You have a closed system (jam can’t get out of the jar, but heat is clearly going to pass through the 
glass walls of the jar). 

(e)	 You are the system. You’re on a ski trip at Killington and you are wearing a high-tech 
insulated parka, hood, and snow pants to keep you warm. It’s -10°C on the ski slope, 
but as you trudge up to the ski lift, you are getting warm. 

Assuming your parka is a perfect (or at least very good) insulator, we could state that you are an 
isolated system. (If you assume the parka isn’t a good insulator, then you are a closed system.) 
The fact that you feel warmer after exerting yourself is due to the transformation of internal chemical 
energy stored in your body into some waste heat during the process of walking to the ski lift. This 
fact might further suggest that the parka is a good insulator and no heat is transferring out of you into 
the surroundings (in practice of course, some heat is always leaking into the surroundings). 
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11. Using the First Law. We introduced the theoretical concept of an ideal gas in lecture- ‘ideal’ 
because real gases only approach ideal behavior under select conditions. Recall that the two 
key thermodynamic characteristics of an ideal gas are an equation of state PV = nRT and 
that the internal energy is only a function of temperature (U = 1.5nRT). Suppose we have 1 
mole of an ideal gas confined in a cylinder with a movable piston top, which allows the 
volume of the gas to be controlled. The gas starts at an initial volume Vo = 10 L at a 
pressure of 1 atm. We want to consider the effect of two different two-step processes, each 
of which starts with the gas in the same initial state and ends with the gas in the same final 
state: 

Process A: (i) The gas is compressed to a volume of 1 L at constant pressure (P = 1 
atm). (ii) The pressure is then slowly increased from 1 atm to 10 atm at constant 
volume. 

Process B: (i) The pressure is slowly increased from 1 atm to 10 atm at constant 
volume (V = Vo). (ii) The gas is then compressed from 10 L to 1 L at constant 
pressure (P = 10 atm). 

Assume the changes occur slowly enough for the gas to remain in equilibrium at all times 
(reversible processes). 

a.	 By which composite process, A or B, is more work done by the gas? Show why 
using a P vs. V diagram and also quantitatively by calculation. 

looks like: -A P V diagram of this process 

Mathematically, the work in each composite process is: 

Process A: (i) dw = -PextdV 

! 

w = " PextdV
Vo

V final

# = "(1atm)(1L "10L) = 9L $ atm

Note that to put this result in more conventional units of energy (Joules), we 
can use the following conversion factor (which is just a ratio of the gas constant R in two different 
units- something readily memorizable!): 

The work is positive: work is done on the system. 
(ii) dw = 0 (dV = 0, no volume change so no hydrostatic work is performed). 
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Total work: 911 J 

(ii) 

! 

w = " PextdV
Vo

V final

# = "(10atm)(1L "10L) = 90L $ atm
8.3144J

0.082057L $ atm

% 

& 
' 

( 

) 
* = 9,119J

Process B: (i) dw = 0 no volume change in the first step 

Total work: 9,119 J


Thus, more work is performed in process B.


b.	 Is the change in internal energy of the gas the same for each composite process? 
Why? 

Yes. Internal energy is a state function, and thus changes in internal energy do not depend on the 
path taken, only the identity of the initial and final states. Since the initial and final states of the 
system undergoing each process are the same, the change in internal energy must be the same. 

c.	 With the given information, can you calculate the heat transferred into/out of the gas 
during process A? Why or why not? If yes, show your calculation. 

The internal energy change in process A can be determined, using the given expression for internal 
energy: 

! 

"Uprocess_ A =Ufinal #Uinitial =1.5nR(Tfinal #Tinitial )

We can determine the temperature at the initial and final states using the given information and the 
ideal gas equation of state: 

! 

PV = nRT

Tinitial =
PV

nR
=

(1atm)(10L)

(0.082057
L " atm

K "mole
)

=121.9K

Tfinal =
PV

nR
=

(10atm)(1L)

(0.082057
L " atm

K "mole
)

=121.9K

We have calculated the work in this process above. Using these two calculations and the first law, 
we can obtain the heat transfer: 

! 

"Uprocess_ A =1.5nR(Tfinal #Tinitial ) = 0 = q + w = q + 911J

$q = #911J

Thus, 911 J of heat leaves the system. 

Suppose now we carry out a four-step process: Starting in the initial state (V = Vo, P = 1 atm), we 
perform composite process A, followed by composite process B in reverse. 

d. What is the total internal energy change for the gas after all 4 steps? 
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! 

"Uprocess = wA + qA + wB + qB = 0

qtotal = qA + qB

"Uprocess = 911# 9119 + qtotal = 0

$qtotal = 8,208J

The composite process described is a cycle- the initial and final states are the same; therefore, the 
change in internal energy is zero. 

e.	 Can you determine the total heat transferred into/out of the gas for this 4-step 
composite process? If yes, show your calculation. 

Yes: applying the first law as in part c: 
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