
Recitation 6 Notes: Moment of Inertia and Imbalance, Rotating Slender Rod

Moment of Inertia 

Recall that 

• Frame Axyz , the object coordinate system, is attached to (and rotates with) the rotating rigid body 

•	 A is chosen to be EITHER  
fixed in space (vA = 0) OR  
the rigid body’s center of mass (vA = vG)  

so 
dAH 

ΣAτ = ext dt 
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If each particle of the rigid body has mass, mi , a linear velocity, vi , and is located by a vector, ri , 

Rotating Rigid Body

Coordinate system attached
to rotating rigid body
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The angular momentum of the entire rigid body can be determined by summing over all the particles,  

HA = Σi(ri × mivi) 

After some algebra, it can be shown that, 

[H]A = [I]A[ω] 

where 

[I]A = 

⎡ ⎣ 
Ixx 
Iyx 
Izx 

Ixy 
Iyy 
Izy 

Ixz 
Iyz 
Izz 

⎤ ⎦ ; ω = 

⎡ ⎣ 
ωx 
ωy 
ωz 

⎤ ⎦ 

The first is the inertia matrix, 

[I]A = 

⎡ ⎣ 
Ixx 
Iyx 
Izx 

Ixy 
Iyy 
Izy 

Ixz 
Iyz 
Izz 

⎤ ⎦ = 

⎡ ⎣ 
Σmi(yi 

2 + zi 
2) 

−Σmiyixi 
−Σmizixi 

Σmi(xi 

−Σmixiyi 
2 + zi 

2) 
−Σmiziyi Σmi(xi 

−Σmixizi 
−Σmiyizi 

2 + yi 
2) 

⎤ ⎦ 

Some observations: 

• The matrix is symmetric 

• The diagonal terms, called the moments of inertia, are always positive 

• The off-diagonal terms, called the products of inertia, can be positive or negative 

Alignment of H and ω 

The rigid body’s angular momentum, H , and its angular velocity, ω , and NOT generally, aligned. 
Consequently, the angular momentum is changing with time, and since 

dAH 
ΣAτ = ext dt 

external torques must be applied to the body to fix its angular velocity vector in space. 
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Principal Directions and Principal Moments of Inertia 

Recall the choice of object coordinate system, i.e. frame Axyz . For every rigid body, there is a set of 
directions, i.e. a choice of Axyz, for which the inertia matrix is diagonal. ⎡ ⎤ 

Ixx 0 0 
[I]A = ⎣ 0 Iyy 0 ⎦ 

0 0 Izz 

In this situation, the directions are called the principal directions, and the diagonal terms of the inertia 
matrix are called the principal moments of inertia. The angular momentum expression simplifies to the 
following. 

[H]A = Ixxωx + Iyyωy + Izzωz 

The physical significance of the above is that, for a rigid body rotating only about one of its principal 
axes, the angular momentum vector and the angular velocity vector are aligned, no external torques are 
required to keep the rotating body in position, and the body is said to be dynamically balanced. 
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Slendor Rod - Problem Statement 1 

A slender rod has a body coordinate system attached such that its x-axis aligns with the rod’s long axis. 
The rod is spinning about its center of mass at an angular velocity, ω , about the z-axis. 

Rotating Rigid Body

Coordinate system attached
to rotating rigid body

m , l

dHAWrite an expression for the angular momentum, HA , and its time derivative, 
dt . 

Slendor Rod - Solution 1 

The body coordinate system’s axes are the rod’s principal directions. The moment of inertia matrix for 
the rod is as follows. ⎡ ⎤ 

0 0 0 
1[I] = ⎣ 0 
12 ml2 0 ⎦ 

10 0 
12 ml2 

The angular velocity of the rod is as follows ⎡ ⎤ 
0 ⎣ ⎦ω = 0 
ω 

The angular momentum is  ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ 
0 0 0 0 0 

H = ⎣ 0 1 
12 ml2 0 ⎦ ⎣ 0 ⎦ = ⎣ 0 ⎦ = 1 

12 ml2ωk̂ 
0 0 1 

12 ml2 ω 1 
12 ml2ω 

dH = 1 ml2ω̇k̂
dt 12 
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Slendor Rod - Problem Statement 2  

A slender rod has a body coordinate system attached such that its x-axis aligns with the rod’s long axis. 
The rod is spinning about its center of mass at an angular velocity, ω , about an axis between the body 
coordinate system’s x-axis and its z-axis. 

Rotating Rigid Body

Coordinate system attached
to rotating rigid body

m , l

dHAWrite an expression for the angular momentum, HA , and its time derivative, 
dt . 

√ 

Slendor Rod - Solution 2 

The body coordinate system’s axes are the rod’s principal directions. The moment of inertia and the 
angular velocity of the rod are as follows. ⎡ ⎤ ⎡ 1 ⎤ 

ω 0 0 0  2 
1[I] = ⎣ 0 
12 ml2 0 ⎦ ω = ⎣ 0 ⎦ 

0 0 1 ml2 
12 

1√ 
2 ω  

√ 

The angular momentum is ⎡ ⎤⎡ 1 ⎤ ⎡ ⎤ 
ω 0 0 0 0  2 

√1  
12 2  ml2ωk̂⎣ 0 1 ml2 0 ⎦⎣ 0 ⎦ = ⎣ 0 ⎦ =H  =  

12 
√1  

12 2  ml2ω0 0 1 ml2 1√ 
2 ω 

12 

kml2ω)d
dt 
ˆdH 

dt ml2ω̇)k̂ + ( √1  
12 2  

√1  
12 2 = (  

ˆ ˆdk ωω k = ( √×= k̂) × k̂ =  (̂i × ˆ î + ĵ√ω
2 2 

ω ω−k) = √√ 
2 2dt 

Στext =  dH 
dt = (  √1  

12 2  ml2ω̇)k̂ − ( 1 ml2ω2)ĵ
24 

The torque vector can be seen to have two components. The first, in the direction of k̂, changes the 
magnitude of H. The second, in the direction of −ĵ, changes the direction of H. 
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