
LECTURE 6: Variance; Cond-tioning on an event; Multiple random variables 

• Variance and its properties 

- Variance of the Bernoulli and uniform PMFs 

• Conditioning a r.v. on an event 

Conditional PMF, mean, variance 

Total expectation theorem 

• Geometric PM F 

Memorylessness 

- Mean value 

• Multiple random variables 

Joint and marginal PMFs 

- Expected value rule 

- Linearity of expectations 

• The mean of the binomial PMF 



Variance - a measure of th spread of a M 

• Random variab e X, wi mean µ = E[X] 

• Distance from the ean: X - µ 

• Average dista ce from t e mean? 

• Definit ·on of variance. var(X) - [(X - µ) 2 

• Calcu ation, using the expected value rule, E[g(X)] = Lg(x)px(x) 
X 

var(X) -

Standard deviat-on: ax = Jvar(X) 



Properties of he variance 

• Notation: µ - E[X] va (a b) - a 2va (X) 

• Let Y - X b 

• Let Y = aX 

A usefu form la: var(X) - E x2] _ ( [X] 2 



Var-ance of the Bernoulli 

X= ' w. p. p 

0, w.p. 1 - p 

var(X) = L(x - E[X]) 2px(x) 
X 

var(X) - E[X 2] - (E x]) 2 





Conditional PMF and expectation, given an event 

• Condition on an event A => use conditional probabilities 

Px(x) = P(X = x) 

LPx(x) = 1 
X 

E[X] = Lxpx(x) 
X 

E[g(X)] = L g(x) Px(x) 
X 

PXIA(x) = P(X = x I A) 

E[X I A]= LxPXIA(x) 
X 

E[g(X) I A]= Lg(x)pXIA(x) 
X 



Exam e of co ition- g 

Px(x) 

1 2 3 4 X 

E[X]-

var(X) = 

PXIA(x) 

• Let { >2 

1 2 3 4 

E[X I A]= 

var(X I A)= 

X 



Total ex1pectation theorem 

A1 n B 
P(B) = P(A1) P(B I A1) + · · · + P(An) P(B I An) 



Tota ex ectatio theo em 

A2 n {X - x 

p (x) - P(A1) p A (x) 

A3 n X = x} 

,,,___ __ P _(A_2_) E X I A2 

[X] = P(A1) E XI A + · P(An) E[X I n] 



expectatio exampe 

Px(x) -~ 
2/9 2/9 2/9 

1/9 1/9 1/9 

0 1 2 6 7 8 
, 

X 



Condit-oning a geome r-c random va -able 

• X. number of indepe dent coin tosses unt·1 first head, P(H) = p 

Px(k) = (1 - p)k - lp, k = 1, 2, ... 
Px(k) 

1 2 3 4 5 6 7 8 9 k 

M emorylessness: 
Number of remaining coin tosses, 
condit·oned on Ta· s in the first toss, 
is Geomet -c, w·th parameter p 

Condit·o ,ned on X > 1, X - 1 is geometr·c with parameter p 



Condit-oning a geome r-c random va -able 

• X. number of indepe dent coin tosses unt·1 first head, P(H) = p 

Px(k) = (1 - p)k - lp, k = 1, 2, ... 
Px(k) 

1 2 3 4 5 6 7 8 9 k 

M emorylessness: 
Number of remaining coin tosses, 
condit·oned on Ta· s in the first toss, 
is Geomet -c, w·th parameter p 

Conditio 1ned on X > n , X - n is geometric wit parameter p 



The mean of th geometr·c 

Px(k) 
00 00 

E[X - _ kpx(k) = ~ k(l - p)k-lp 
k=l k=l 

123456789 k [ -
p 



Multip e andom varia es and joint 1PMFs 

X ·PX 
y :py 

y J I 

4 1/20 

3 2/20 

2 

1 

P(X = Y) = 

2/20 2/20 

4/20 1/20 2/20 

1/20 3/20 1/20 

1/20 
--

1 2 3 4 X 

Jo·n PMF. p (x, y) = P(X = x a d Y = y) 

LLPx,y(x,y) = 1 
X y 

P (y) = I:Px,y(x, y) 
X 



More than two andom vari bes 

PXY.z(x,y,z) =P( -x ad Y=y ad Z-z) 
' 

X y Z 

Px(x) = E EPx,Y,z(x, y, z) 
y z 

Px,y(x, y) = _ PX,Y,z(x, Y, z) 
z 



Functions of m ltip e andom varia es 

Z - g(X Y) 

PM . pz(z) - P(Z = z) = P(g(X, Y) = z) 

Expected va e rue: E[g(X, Y)] =LL g(x, y) p (x, y) 
X y 



Linea -ty of expectat-ons 

E[aX + b] - aE[X] + b 

E[X + Y] = E X] + E[Y] 

[ 1 .. 

E[2X 3Y-Z -



• X. binomial with parame e s n, p 

- number of successes ·n n indepe dent trials 

E =np 
Xi = 1 ·t ith tria is a success: 
Xi= O otherw·se 

• • I 



MIT OpenCourseWare 
https://ocw.mit.edu

Resource: Introduction to Probability 
John Tsitsiklis and Patrick Jaillet

The following may not correspond to a particular course on MIT OpenCourseWare, but has been provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: https://ocw.mit.edu/terms.

https://ocw.mit.edu
https://ocw.mit.edu/terms

	cover.pdf
	Blank Page




