
LECTURE 6: Variance; Conditioning on an event; Multiple random variables 


• 	 Variance and its properties 

- Variance of the Bernoulli and uniform PMFs 

• 	 Conditioning a r.v. on an event 

- Conditional PMF, mean, variance 

- Total expectation theorem 

• 	 Geometric PM F 

- Memorylessness 

- Mean value 

• 	 Multiple random variables 

- Joint and marginal PMFs 

- Expected value rule 

- Linearity of expectations 

• The mean of the binomial PMF 
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Variance - a measure of the spread of a PMF 


• 	 Random variable X, with mean JL = E[X] 
I 

• 	 Distance from the mean: X - JL 
l' I I X 

• 	 Average distance from the mean? )(-1' 
E[X-r] , E[xj -r "fA -1" =0 

• Definition of variance: va r (X) = E[(X - JL)2] 	 =;:! 0 


• Calcu lation, using the expected value rule, E[g(X)] = L9(x)px(x) 
x 

Standard deviation: ax = j var(X). 
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Properties of the variance 
'vo. t (?>-'1 X ) 

va r(aX + b) = a2var(X) = r-"ill/C\z.(~)• Notation: p = E[X] 

• Let Y = X + b -y .: £[1] " r+ b = )6 v 0 ~ (If) 
v(l((Y) > £[('(0)1)'3 ~ E[ (x+JI - (t'+ jI)i-j > E[('X-r)l} VQr(X) 

• Let Y = aX ".-;. £ ['1J -= Q. f" 
liar (Of) =f [(a. X _ ctr)'J=f [ Q 1 (.x -r)'] ;:. Q 1.. E[Or -rlJ ~ctt Vo!(... ) 

A useful formula: va r(X) = E [X2] - (E[X])2 

Vctt(X) -= E[eX -t')~J = f[ Xi - 2r K + f %.1 

~G[xtJ -2.t'~"[xJ +,.,t ::.6[x l J -([;;[xJ)~ 
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Variance of the Bernoulli 

• 

•
1 , w.p. p 
•X= 0 , w.p.l - p 

o 'I,. 1 

= (1- F)t.l' + (0- p)'-. (I-f) 
x -;: p_2p9.+/ + l,t-r '" p_pt.;p(l_p) 

var(X) = E[X2] - (E[X])2 ::; Ii [:>rJ _ U: ['X])'1 = P_P2 :: P(I - p) 
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Variance of the uniform 


n+l 

• • • • • • 

.' ... ("",')(2"" t-') 
(, 

o 1 n x 

- (~rVIlAIC) ~r;f'x·] -(I; ["J)'\.''"' , ... 
:: -'. 11>("-'+9.)

IiPx ( )x 

1 .... .. ,,' 
b " + 1 

• , • • • • 

x 
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Conditional PMF and expectation, given an event 

• Condition on an event A '* use conditional probabilities 
OSS"' ...... e 

PX (X) = P (X = x ) PX IA(X) = P(X = x I A) 1? (Ah 0 

I>x(X) = 1 
x 

E[X) = L XPX (x ) E[X I A) = L XPX IA(X) 
x x 

E[g(X») = L g(x )px(x) E [g(X) I A) = L g(x )PXIA(X) 
xx • 
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Example of conditioning 
• Let A = { X > 2} 

x 

1 L:12=--:.3_ 4;..." 

E[X] = 2..? 

1 2 3 4 x 


E[X I A] = 3 

, 

var(X) = -(6-q)(b-Q.'~)

11 
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Total expectation theorem 


Al n B 

PCB) = PCAl) PCB I Al) + ... + PCAn) PCB I An) 
• 

B'" ~X =?::.5 
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Total expectation theorem 


'-----_-' 

Al n {x=X} 

A2 n {x=X} 

A3 n {X=X} 

P (A,)
~-"..:.!.'-- E [X I A d 

P-"-(A,",2),-- E [X I A2[ 

• 
P ( A 3) E[X I A3[ 

P CB) = peAl) P CB I AI) + ... + P(An ) P CB I An) 

B'" ~X =?::.5 

PX(x) = peAl) PX IA, (x) +... + P(An ) pXIAn(X) 

for o..ffl ')C. 

:7 -;;c p)«"') :: f(A.) ""'5""'):. 0 (~) -1-' •• 
z L· 'xlA, 

II ,?c I 

off,..j E[;>r)A,] 

E [X l = peAl) E [X I All +... +P(An ) E [X I Anl 
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Total expectation example 

1 (A,):: 3' 
I 

i (A:d ::0 

px(x) 
2/9 2/9 2/9 

E[x:I.ti,].=1 
' / 9 ' / 9 ' / 9 E [X lAd = t 

2.+. .• ':f0'--' 2:-------;6---,7 S,---O:x 
, I , 3> •

I 

A, 
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Conditioning a geometric random variable 


• X: number of independent coin tosses until first head ; P(H) = p 


px(k) = (1 - p)k-lp, k = 1 ,2, ... 
Memorylessness: 

Px(k) 
Number of remaining coin tosses, 

conditioned on Tails in the first toss, 

is Geometric, with parameter p 

123 4 5 6 7 8 9 k 


Conditioned on X> 1, X-I is geometric with para mater p 


x 
! I 

H 
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Conditioning a geometric random variable 


• X: number of independent coin tosses until first head ; P(H) = p 


px(k) = (1 - p)k-lp, k = 1 ,2, ... 
Memorylessness: 

Px(k) 
Number of remaining coin tosses, 

conditioned on Tails in the first toss, 

is Geometric, with parameter p 

123 4 5 6 7 8 9 k 


Conditioned on X> 1, X-I is geometric with parameter p
- ..-
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Conditioning a geometric random variable 

• X: number of independent coin tosses until first head ; P(H) = p 

px(k) = (1 - p)k-lp, k = 1 ,2, ... 
Memorylessness: 

Px(k) 
Number of remaining coin tosses, 

conditioned on Tails in the first toss, 

is Geometric, with parameter p 

123 4 5 6 7 8 9 k 


Conditioned on X> n , X - n is geometric with parameter p 

- '"-
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The mean of the geometric 


pX(k) 
00 00 

E[X] = L kpx(k) = L k( l _ p)k-lp 
k= l k=l 

E[X] = ~ 5 6 7 8 9 k 
p . 

fl, 1(= I 
£[xJ = I ~E[x-IJ 

::'\ + p.£[X-I/X.:J] t (l-r)t;[X-'/)(>J] 

= I .. 0 + (I - p) 1:[x] 
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Multiple random variables and joint PMFs 


" , .... Qr~"'tlQ )? ... f. 
X: Px Q

P(X = Y) = ~- Joint PMF: Px y(x, y) = P (X = x and Y = y),Y : PY :to 

y 

4 1120 2120 21 0 

2 11< ('f) '-~ ~ ~9. 0 

I 

x f., (~) ~ I • +- .3I 2 3 4 

L2>X,Y(x ,y) = 1 
x y 

Px(x) = L PX,Y(x , y) 
y 

py(y) = L PX,Y(x , y) 
I x 

...P.C;) 20 lio ~o 
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More than two random variables 


PXYZ(x, y,z) =P(X =x and Y =y and Z = z)
, , 

LL2>X,Y,Z(X , y,z) = 1 
x y z 

PX(x) = LLPX,Y,Z(x,y,z) 

~ y z , ,,-, 

, 

PX,y(x, y) = LPX,Y,Z(x, y , z) 

z •-
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Functions of multiple random variables 

Z = g(X, Y) 

PMF: PZ ( z ) = P( Z = z ) = p (g (X ,Y) = ;) -= 2 PI<) '( ("'-", 1) 

(x, 'I): 't(?:.J1)=~ 

Expected value rule: E(g(X, Y)] = 2:2:og(x,y)PX,Y(x,y) 
x y ! . 
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Linearity of expectations 


E[aX +b] = aE[X] +b E[n 'fJ " E [ ~ (x ./ '01 
E[X+ Y] = (tc"',.7):= 7<:+/'.)E[X] +E[Y] 

= :2" ~ (7<:+7) ~)'f (;I:,y) 
"" 7 

:: Z;}~ t y('k:,I') t 'Z ~ Y f, ("'d)
0: 1) I l<,Y

I , % /' 

".-.. ; 

=J':Cf)«;I:) + L7f (1} = E[:X] +-E['f]
yx /' 
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Linearity of expectations 


E[aX + b) = aE [X) + b 

E[X + Y) = E[X) + E[Y) 

E[Xl + ... + X n) = E[Xl) + ... + E[Xn) 
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The mean of the binomial 


n• X: binomial with parameters n, p 
E[X] = L kC)pk(l _ p)n- k 

number of successes in n independent trials k = Q L J 
k 

E[X] = np/p 
X i = 1 if i th trial is a success; 

(indicator variable)
X i = 0 otherwise 

- - 1 - P 

X = Xl + ... +Xn 

E[X] ~ £[1<,] + ••• 

"--""'--' 


I" 
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