
LECTURE 15: Linear models with normal nOIse 

m 
X - - "a--e -+ j,V- Wi, e{ independent, normal1 -~ 1JJ 1. 

j =l 

• Very common and convenient model 

• Bayes' rule: normal posteriors 

• MAP and LMS estimates coincide 

simple formulas 

(linear in the observations) 


• Many nice properties 

• Trajectory estimation example 
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Recognizing normal PDFs 


-8(x -3)2 c· e 1-' =:> 


Normal with mean -fJ/2et ;3 nd variance 1/ 2et 
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Estimating a normal random variable f e (O) fX le ex I 0) 
fe lx eo l x ) = fx(x) 

fxex) = JfeeO)fx leex 10) dO 

in the presence of additive normal noise 

x =e+w e , w : N(O , 1), independent 

- i&t - i (?:-~/ - 7uodq,J.ic(fl) 
C e c e = c (%J e 

-' /IJ 0 f v.,t!l P,I 
I ! I J'l)~-_(} +-_ (?::-1:7 f) + (() -?c) := 0 
~ 1. 

eMAP = eLMS = E[e Ix = xl = 'XI fl 
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Estimating a normal parameter 
in the presence of additive normal noise 

x=e+w 	 e , w : N(O , 1), independent 


_ _ X 

eMAP = eLMS = E[e IXl = 

2 

• 	 Even with general means and variances: 

posterior is normal 

LMS 	and MAP estimators coincide 

fe(8) fX leex I 8) 
fe lxe8 x) = fx(x)1 

fxex) 	= Jfe(8)fxleex 18) d8 


these 	estimators are "linear," of the form e = aX + b • 
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• • • 

The case of multiple observations 

e ~ N(xO, (6) Wi ~ N(O, at) 

X n =e+Wn 8 , WI,"" Wn independent 

fe(8) fX le(x I 8) 
fe lx(8 1x) = fx(x) 

fx(x) = Jfe(8)fx le(x 18) d8 
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The case of multiple observations 


ielx(81 x) = c· exp { - QUad(8)} 


i{.... d peo. k ...... .. 
• ?C" •d (f) -?:::J

?tlo.J((}};. 0 • 2. d? - • 
, 

• 

"'0 fJ2 I 

- 2:de . ~t • 0-.1-
• 

• o-.~v=() ,,=0 ,.: " ::. 0 • 
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The case of multiple observations 

• Key conclusions: 

posterior 	is normal 


LMS and MAP 'estimates coincide 


-
these estimates are "linear," of the form ' 6 = ao + a,x, + ... + anXn 

• Interpretations: 

estimate e: weighted average of Xo (prior mean) and Xi (observations) 

weights determined by variances 

L
n x; 

- - [ 	 1 i =O cri • Xc 1J121-y 'lAo;578M AP = 8LMS = Ee lX = x = n 1 

L 2 = "'''''~ e~ we ,'~a/. 0 cr · t = z 
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The mean squared error 
X·=lO t W·, \.J , 

fe lx(81 x) = c· exp { - quad(8)} 

• Performance measures: 

12E [ce - e)2 1 X = x] = E [ce - il)2 1 X = x] = var(e I X =x) = l/ f a

r ~ '1. =0 '/. 

E [ce - e)2] = E[(e-@)21X~'k]f}J'~)d~ ~ 
! , 

fxCx) = c· e-(ax 
2 +ilx +, ) a> 0 Normal with mean -(3/2<1 and variance 1 / 2<1 


I
O<=q i+ 

..<.0""0 

SO",<e cr." Sw.().p~ --'»111>1; S .... <Ar;~ 
~ 

-'> 114 5 G ea~ 
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The mean squared error 


• 	 Example: 0'5 = at = ... = C1~ = 0'2 
• 

I -- . 


(.. +.) -1 ... + I 


• conditional mean squared error same for fli x 


• 	 Exa mple: X = e + w e ~ N(O,l ) , w ~ N(O, 1) 

independent e ,W 8 = X / 2 E[(e - 8)21 X =,;:] = '12 

" &~ 
, It' ---1.;:.- :::::::.... - . 
o ?::. 0 "" f:5 = 0 	 9C 
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The case of multiple parameters: trajectory estimation 


" 
.00 

• 	 Random variables 8 0,81,82 

independent; priors Ie. 
J 

• 	 Measurements at times tl l ' .. , tn 

X i = 8 0 + 8 1t i + 8 2 tT + Wi 

noise model: Iw, " 

,oo '------c----:--I----:----c- ---:-----:---=--I--:--:-~.
01234567690.1- independent Wi; independent from 8 J

b, h ' b~ L 	 • 
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--

A model with normality assumptions fe(8) fX leex I 8)
fe lxe~ I ~) = fxex) 

i =l , ... ,n 
fxex) = Jfe(8)fxleex 18) d8 
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• 	 MAP estimate: maximize over (8Q , 81, 82); 

(minimize quadratic function) 

."~ (9 q a.d (0)) =- 0 	 ~ 8fU.a.//()t.(JJ 
•~e'-a 	 ~ f.: "" e fA. r 
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Linear normal models . 

• 	 8 j and X i and are linear functions of independent normal random variables 


• 	 ielx(8 1x) = c(x) exp { - quadratic(81 , ··· , 8m ) 

• 	 MAP estimate: maximize over (81 " " 8m ); 

(minimize quadratic function) 

-8	 MAP,{ linear function of X = (Xl"" , X n) 

• 	 Facts: 

o 	 8 MAP,j = E[8j 1Xl 

o 	 marginal posterior PDF of 8 { ie]lx(8j 1 x) , is normal 

o 	 MAP estimate based on the Joint posterior PDF: 

same as MAP estimate based on the marginal posterior PDF 


o 	 E[(8i ,MAP - 8 i )21 X = xl: same for all x 
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• • • 

An illustration Estimating the trajectory of a free-falling object 


8 0 ~ N (200 , 50') , 8 1 ~ N (50 , 50'), 8 , = - 9. 81, W; ~ N (O, 50')* 
• 

.. * 
' 00 * 

" 

· ' 00 

.= 

.~ 

.~"L__~__~~__~__~~~~__~__~~. 
~12 456 8910 , 
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• • • 

An illustration Estimating the trajectory of a free-falling object 


8 0 ~ N (200 , 50') , 8 1 ~ N (50 , 50'), 8 , = - 9.81, W; ~ N (O, 50')
* 
• 

.. * 
' 00 * 

(80 - 200)2 + (81 - 50)2" 
n 

• 2 2 
· ' 00 + L (Xi - 80 - 81t i + 9.81t i ) 

i=l 
.= 

.~ 

.~"L__~__~~__~__~~~~__~__~~. 
~12 456 8910 , 
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• • • 

An illustration Estimating the trajectory of a free-falling object 


* 
80 ~ N(200, 50'), 8, ~ N(50, 50'), 8, = -9.81, Wi ~ N(O, 50') 

• 

".* 
"" * 
, 

minimiZe (80 - 200)2 + (81 - 50)2 

80, 81 n
-"" + L (Xi - 80 - 81t i + 9.8 ltt)2 

i=l 

---7--~--~--~---, . "~~.---",, , , ~~~~~~, 
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An illustration Estimating the trajectory of a free-falling object 


"'" 80 ~ N(200, 50'), 8, ~ N(50, 50'), 8, = -9.81, Wi ~ N(O, 50') 

• 

"'" 


"'" 

o 

- "'" 

- '00 

• • • 
(80 - 200)2 + (81 

n 

+ L (Xi - 80 -
i=l 

- 50)2 

81t i + 9.8 ltt )2 
• 

* 

* ~~~---7---7--~--~--7---~~~~---:.
o 1 2 3 4 5 6 7 8 9 10 , 
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.00 

• • 

n 

+ L (Xi  00 - Olti + 9.8 ltt )2 

An illustration Estimating the trajectory of a free-falling object 


80 ~ N(200, 502 ),8, ~ N(50, 50'), 8, = -9.81, Wi ~ N(O, 50') 
X (-I.)** •r , 

X-, = 8 0 + 8 l t i + 8 2 tT + Wi ~ ~ 

-0 •
min"" 

00 

i=l 

* 
J. 

-roo * ~ 
* ' -"'" , , , , • ,, , , , , 
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• • • 

An illustration Estimating the trajectory of a free-falling object 


"'" 


''''' 


''''' 


, 

-''''' 


- 200 

Tn",90 _ 
~IAP il" _ 
uro, std(Oo) _ 21, 119:1 
Tme 9\ _ 46.8H3 
~IAP 9, __ 48.282 
uro, std(OIl _ :1.2[,;18 

True trajectory 
• Sampled points 

Estimated trajectory based on ""I 
95% coofidence inlerval 

~~(E?S It) '" 

(D"'f "de."" cc 

i,"'~e~lIo~> 

2:16.2702 
256.056 1 

80 ~ N(200, 50'), 8, ~ N(50, 50'), 8, = -9.81, Wi ~ N(O, 50') 
X (i) 

r , 

X i = 80 + 8 1t i + 8 2 tT + Wi 

minimiZe 

80 , 81 n 

+ L (Xi - 80 - 81t i + 9.8 ltt)2
• i= l 

f (X (-t) E- /"" teHa.i! dala) 

=- o. ~5"" 
" , • , 
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