
LECTURE 16: Least mean squares (LMS) estimation 

• minimize (conditional) mean squared error E [(8 - 6)2 1 X = xl 

solution : {j = E[8 1X = xl 

general estimation method 


• Mathematical properties 

• Example 
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LMS estimation in the absence of observations 


• Criterion: Mean Squared Error (MSE): E [(e - 6)2l 

minimize mea n squared error 
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LMS estimation in the absence of observations 


• Least mean squares formu lation: 


minimize mean squared error (MS E), E [(8 - 8)2] 0= E[8] • 

E[~iJ - 2(J3 e+ e 
~ 

.£4.-0· -1£ .... 19- . 

, I , _ J - • "'" I .. I ... I /; e-<J.. 

• Optimal mean squared error: E [(8 - E[8])2] = var(8) 
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LMS 	estimation of e based on X 


• unknown e ; prior pe(8) 


- interested in a point estimate 8 
~ 

/ " 
• observation X ; model pX le(x I8) /' 

-----. - observe that X = x 

minimize mean squared error (MSE), E [(e - e)2]: e = E[e) 


minimize conditional mean squared error, E [(e - e)2 1X = x] : e= E[e I X = x) 


~ 

• 	 LMS estimate: 8 = E[e IX = x) 

estimator: e = E[e IX)
• 
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LMS estimation of e based on X ?C 

- X 7L-:._ 
~ = ~r:;c)

/ x e =-~(X) 

• E[e 1 X = xl minimizes E[Ce - 8)2 1 X = x] 


f (e - E[elx=~Jllx=~] {E[(e-'(?C))!)X~~J f02 {.l 

X 
P{J 


E[(fY-f[fY)X])'J IX] 5E[(f)-'1(X)Ylx] 

E[(l9-~[@h(~l ~ E[Cf)-~(XJ)':! 

eLMS = E[e 1 ~l m inimizes E[ce - gCx))2], over all estimators e = gCX) 
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LMS 	performance evaluation 

• 	 LMS estimate: If = E[e IX = xl 


estimator: e = E[e IXl 


Expected performance, once we have a measurement: 


MSE = E[(e - E[e I X = xl)2 I X = xl = var(e I X = x) 


Expected performance of the design: 
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LMS estimation of e based on X 


• 	 LMS relevant to estimation (not hypothesis testing) 

• 	 Same as MAP if the posterior is unimodal and symmetric around the mean 

- e.g., when posterior is normal (the case in "linear-normal" models)
• 
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Example e-I!?<~e+1 

feCO) 
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Conditional mean squared error 

! xle(x I 0) 
fe(O) 

' / 2 


'/6 


- ----l4---...J,L---+ 

O
 0 - 1 0+1 

3 
x 

• E[(e - E[e JX = x])2 J X = xl 
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Var(e I X = x)- same as var(e J X = x): variance of 

conditional distribution of e 

t("') V(.t? (~Jx=~)d?C 
)C 

• 
x 
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LMS estimation with multiple observations or unknowns 


• 	 unknown e ; prior pe(8) 

- interested in a point estimate 8 
~ 

• observations X = (Xl , X 2, ···, X n ) ; model pX le(x I8) 

observe that X = x 

new universe: condition on X = x 

• 	 LMS estimate: E[e I Xl = Xl,··· , X n = Xn] 

• 	 If e is a vector, apply to each component separately 

" 
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Some challenges in LMS estimation feeO) fX le(x I 0) 
fe lx(O I x) = fxex) 

fxex) = JfeeO')fx leex 1 0') dO' 

• Full correct model, fX le(x 10), may not be available • 


• Can be hard to compute/implement/analyze 
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Properties of the estimation error in LMS estimation 


-• Esti mator: e = E[e IXl • Error: e = e - e 


E [G I X = xl = 0 


]E[e§] -0cov(G ,G) = 0 . " , "--" "

f[f}) elx=5I:] = OE[§)X;:'):;] =0 

" "-'(!)=(}-()
var(e) = var(G) + var (G) • 
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