
LECTURE 17: Linear least mean squares (LLMS) estimatio 1 n 

• Conditional expectation E[9 IX] may be hard to compute/implement 

...--. 
• Restrict to estimators e = aX + b 

- minimize mean squared error 

• Simple solution 

• Mathematical properties 

• Example 
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LMS formulat-on 

• Un know e ; observation X • M"nimize E[ (9 - e) 2] 

0 • Estimators § = g(X) --------->eLMS = E[6 IX] 
10 

• Consider estimators of e, 
of the o m 

,-. 

e = a + b 

• M"nimize [ (8 - a - b)2] , w.r.t. a, b 
4 

--..... ..-... 

X • If E[6 IX] is linear in X, then eLMS = eLLMS 
3 5 9 1 
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Solu -on to the L MS prob em 

• Minimize (S - a - b) 2 , w.r.t. a, b 

- suppose a has already been found. 

§L = E[S] Cov(e, X) ( - E[ .) = E[S p-a.e(X .[x]) 
var(X) ax 
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-Rema ks on he sol io and on th er or va 1ance 

---- Cov(e, ) ( _ [- L - [8] ) = E[8] + / 78 X - E[X
va (X) a-x 

• O y ea s, var ances, cova a ces at er 

• p > 0: 

• p = 0: 

• IPI= 1: 
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0 

Example - [-] C v(e, ) ( _ E[ ) = E[e] + p ae (x - E[X) 
va (X) a-x 

10 

4 

_...J,...__ _____ ------::--------:-:------...- X 
3 5 9 11 
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LLMS for inferring the parameter of a coin 

• Standard example: 

- coin with bias e; prior fe(·) 

- fix n; X =number of heads 

• Assume fe(·) is uniform in [O, 1] 

-- x+1 -
eLMS = -- = eLLMS 

n+2 

§ = E[S] + Cov(e, X) (x - E[X] ) 
LLMS var(X) 
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LLMS for inferring the parameter of a coin 

• e: uniform on [O,1] E[e] = -1 
var(e) = -1 

E[e 2] = 
2 12 

• Px 1e: Bin(n, e) E(X I e1 = ne var(X I9) = n9(1 - e) 

E[X] = E[x 2 
1e1= 

var(X) = 

E[ex Ie1= 

E[exJ = 

cov(S,X) = 
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LLMS for inferring the parameter of a coin 

§ . = E[S] + Cov(e, X) (x - E[X] ) 
LLMS var(X) 

n(n + 2)cov(e X) = _n var (X) =--- E[X] = n 
' 12 12 2 

~ x+1 
eLLMs= -

n+2 
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• Unk own e ; observations X = (X 1, .. , Xn ) 

• Consider estima o s of the fo m: • • • b 

• Fi d best choices of a1, ... , an, b 

·ni ize: 

...-... ~ 

• If E[9 IX] is inear in X, then eL s = eLLMS 

• Solve inear system in b and the ai 

• Only eans, varia ces, cova ia1nces matter 

• If multiple unknown 9 3 , apply to each one, separate y 
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• • • 

The simplest LLMS example with multiple observations 

vV· r--.J O u?-
i ' i 

Xn = e+Wn 9, W1, ... , Wn uncorrelated 

• Suppose e, W1, ... , Wn are inde.pendent normal 

xo +~xi 
2 LJ 2 

~ UQ i-1~ -
eLMS = E[0 IX]= n 1. = eLLMS 

L 2 . 0 a. 

• Suppose general 
but same means, 

all covariances 

solution must 

i= i 

(not normal) distributions, 
variances, as in normal example 

also the same 

be the same 
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The representation of the data matters in LLMS 

x 3• Estimation based on X versus 

- LMS: E[e IX] is the same as E[e Ix 3] 

- LLMS is different: estimator 9 = aX + b versus 9 = aX 3 + b 

- can also consider 9 = a1X + a2ex + a3 log X + b 
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